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Preface 


This  monograph  is  aimed  at  the  graduate  engineer  or  scientist  who 
finds  a  need  to  know  something  of  analogue  computing  as  an  aid  to 
his  work  but  is  discouraged  when  he  consults  the  larger  books  on  the 
subject. 

The  level  is  such  that  a  graduate  in  Physics  or  Electrical  Engineering 
ought  to  be  able  to  read  the  book  comparatively  easily.  A  graduate  in 
other  branches  of  engineering  such  as  Chemical  or  Mechanical 
Engineering  should  be  able  to  understand  the  basic  principles  fairly 
readily.  He  might  have  difficulty  with  some  of  the  sections  of  less 
importance  to  one  who  is  interested  in  the  subject  principally  as  a 
user  of  computing  equipment. 

The  book  should  also  prove  of  value  to  students  in  the  final  year  of 
an  Engineering  Degree  Course  for  whom  short  courses  in  analogue 
computing  are  sometimes  provided. 

Chapter  1  is  devoted  to  a  brief  historical  background.  Chapter  2 
discusses  the  whole  field  of  engineering  calculation  with  special 
reference  to  analogue  and  digital  techniques.  The  merits  of  each  are 
considered.  The  remainder  of  the  book  is  devoted  to  analogue 
computing  alone. 

Transfer  functions  and  the  like  are  specified  for  the  most  part  in 
the  notation  of  the  Laplace  Transformation.  This  has  become 
standard  practice  in  recent  years.  Its  use  is  briefly  explained  for  those 
who  are  accustomed  to  the  D  operator  methods. 

I  am  indebted  to  my  former  colleagues  of  Ferranti  Ltd.,  Wythen- 
shawe,  Manchester,  who  introduced  me  to  the  subject  of  analogue 
computing.  Thanks  are  especially  due  to  Dr  C.  M.  Cundall  and 
Mr  K.  J.  Saggerson  for  their  advice  and  help,  and  to  Mrs  J.  M.  Pring 
who  prepared  the  manuscript. 

M. G . HARTLEY 

Faculty  of  Technology 
Manchester  University 
1962 


CHAPTER  1 


Historical  Background 


1.1  Introduction 

Aids  to  calculation  have  been  used  from  remote  times.  The  abacus  is 
one  such.  Since  the  seventeenth  century  the  use  of  such  devices  has 
become  increasingly  widespread.  The  primitive  desk  calculator  was 
introduced  by  Pascal  in  1642,  and  the  slide  rule  appeared  at  about  the 
same  time.  Since  then  calculating  equipment  has  developed  along  two 
distinct  lines.  One  is  digital  computation,  the  other  is  analogue 
computation. 

1.2  Work  of  Charles  Babbage 

Early  digital  computation  is  typified  by  the  work  of  Charles  Babbage 
(1792-1871)  (Ref.  1.1)  who  designed  and  partially  built  two  very 
ambitious  calculating  machines.  The  first  -  the  Difference  Engine  - 
was  capable  of  addition.  This  was  performed  mechanically  using 
toothed  wheels.  The  intention  was  to  use  the  machine  to  calculate 
functions,  and  build  up  mathematical  tables  using  the  difference 
properties  of  the  functions  concerned.  A  table  of  differences  for  the 
evaluation  of  x2  is  shown  in  Fig.  1 . 1 .  It  will  be  noticed  that  the  second 
difference  has  in  each  case  a  constant  value  of  2.  Addition  of  the  differ¬ 
ences  in  the  appropriate  way  provides  the  values  of  x2.  This  is  the  only 
arithmetic  process  involved.  Provided  that  no  mechanical  failures 
occur,  the  accuracy  of  the  solution  is  dependent  on  the  number  of 
significant  figures  to  which  the  machine  is  designed  to  work.  For  the 
section  of  the  table  under  consideration,  a  machine  working  to  three 
significant  figures  would  give  precisely  the  correct  solution. 

A  small  working  model  of  the  Difference  Engine  was  first  demon¬ 
strated  in  1822.  This  encouraged  Babbage  to  continue  with  a  larger 
machine  working  to  twenty  decimal  places  and  sixth-order  differences. 
The  project  was  a  very  ambitious  one  and  was  abandoned  in  1842 
when  government  support  for  the  venture  was  withdrawn. 

Babbage’s  second  machine  was  the  forerunner  of  the  modern  digital 
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computer.  The  design  of  the  Analytical  Engine,  as  it  was  called,  was 
begun  in  1833,  but  the  project,  like  that  of  the  Difference  Engine,  was 
beyond  the  resources  of  the  age. 

The  work  of  Babbage  was  forgotten  for  a  century.  The  principles 
which  he  had  enunciated  were  rediscovered  by  the  pioneer  workers  in 


Fig.  1.1.  Section  taken  from  a  difference  table  for  the  evaluation  of  x 2 


* 

x2 

First  difference 

Second  difference 

800 

64 

17 

900 

81 

19 

2 

1000 

100 

21 

2 

11  00 

121 

23 

2 

12-00 

144 

25 

2 

13-00 

169 

2 

the  field  of  electronic  digital  computers  in  the  1940’s  when  the  first 
machines  were  built  in  the  U.S.A.  and  the  U.K.  (Ref.  1.2). 

I. 3  Work  of  Kelvin 

The  alternative  analogue  approach  to  the  solution  of  problems  is  seen 
when  the  work  of  Lord  Kelvin  (W.  Thomson)  is  considered.  In  two 
papers  to  the  Royal  Society  in  1876,  (Ref.  1.3  and  1.4)  he  showed  how 
mechanical  integrators  and  adders  could  be  interconnected  so  as  to 
solve  continuously  a  second-order  differential  equation.  One  form  of 
mechanical  integrator  had  been  invented  a  year  before  by  his  brother 

J.  Thomson  (Ref.  1.5). 

Two  types  of  mechanical  integrator  are  shown  in  Fig.  1.2.  The  disc 
and  wheel  type  is  shown  at  (a).  The  independent  variable  is  the  rota¬ 
tion  of  the  shaft.  The  distance  of  the  friction  wheel  from  the  axis  of 
the  shaft  is  adjustable.  For  a  small  rotation  of  the  shaft,  8x  radians, 
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there  is  a  corresponding  small  rotation,  8y  radians,  of  the  wheel.  The 
relation  between  them  is  given  by 

8y  =  kir.8x  1.1 

where  r  is  the  distance  of  the  friction  wheel  from  the  axis  of  the  shaft 


0)  DISC  AND  WHEEL 
TYPE 

Sy  =  kxr.  5x 
y  =  kx  r.dx 


(c)  SCHEMATIC  OF 
MECHANICAL  INTEGRATOR 

y  —  k  J  r.dx 

Fig.  1.2.  Mechanical  Integrators 


and  kx  is  a  constant.  The  total  rotation  of  the  wheel  is  a  measure  of 
the  integral  of  r  with  respect  to  x.  The  total  angle  y  radians,  through 
which  the  wheel  has  turned,  is  taken  as  the  output. 
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1.2 


At  ( b )  an  alternative  form  of  integrator  is  shown.  This  is  the  ball 
and  disc  integrator  of  Thomson.  The  ball  is  restrained  from  tangential 
motion,  but  can  move  radially  by  an  amount  proportional  to  the 
quantity  to  be  integrated.  The  rotation  of  the  disc  is  taken  as  the 
independent  variable.  For  a  small  rotation,  Sx  radians,  of  the  disc, 
there  is  a  small  rotation,  8y  radians,  of  the  cylinder.  As  before 


1.3 


S_y  =  k^r  ,8x 


The  total  rotation  of  the  cylinder  is  taken  as  the  output. 


1.4 


Unfortunately  neither  type  of  integrator  can  drive  an  appreciable  load 
without  slipping. 

Various  types  of  mechanical  adder  have  been  devised  (Ref.  1.6). 
These  frequently  take  the  form  of  differential  gearboxes  using  either 
bevel  or  spur  gears.  The  two  inputs  consist  of  shaft  rotations  Si  and 
S2  radians.  The  output  is  a  third  shaft  rotation  proportional  to  the 
sum  of  Si  and  S2. 

1.4  Mechanical  differential  analysers 

No  machines  using  the  above  principles  were  constructed  until,  in 
1931,  Bush  at  M.I.T.  built  the  first  of  a  class  of  machines  which  have 
become  known  as  mechanical  differential  analysers  (Ref.  1.7). 

Each  unit  of  a  mechanical  differential  analyser  carries  out  one 
operation,  integration  or  addition,  for  example.  Inputs  are  shaft 
rotations,  with  the  angles  turned  through  representing  to  some  con¬ 
venient  scale  the  variables  of  the  problem.  The  interconnections  be¬ 
tween  the  units  are  made  in  such  a  way  that  the  relations  of  the  various 
shafts  form  a  translation  into  mechanical  terms  of  the  equation  to  be 
solved.  Then  the  rotation  of  one  shaft,  representing  the  independent 
variable,  drives  the  remainder  of  the  shafts  in  accordance  with  the 
equation  represented  by  the  interconnection. 
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Figure  1.3  shows  a  schematic  arrangement  for  the  solution  of  the 
second-order  differential  equation. 


dh 

dt 2 


+y 


0 


1.5 


which  represents  a  simple  harmonic  motion. 

As  with  all  machines  intended  for  the  solution  of  differential 


Fig.  1.3.  Schematic  of  Interconnection  of  Integrators  and  Sign  Reversal 

unit  to  solve 


<Py 
dt 2 


-y 


or 


<Py 

dt 3 


+y  =  0 


equations,  the  highest  derivative  is  considered  first,  and  is  assumed 
to  be  available  as  a  shaft  rotation  which  can  be  applied  as  the  quantity 
d2y/dt2  considered  as  applied  to  the  first  integrator  of  the  machine. 
The  independent  variable  in  this  case  is  time  t  and  is  represented  by 


6 


ELECTRONIC  ANALOGUE  COMPUTERS 


the  rotation  of  both  integrator  shafts  at  a  steady  rate.  On  integration 
d2yjdt 2  yields  dy/dt  which  is  applied  to  the  second  integrator  whose 
output  is  y.  This  quantity  then  passes  through  a  sign-reversing  unit  to 
give  —  y  and  is  used  as  the  input  to  the  first  integrator.  The  closure  of 
the  loop  in  this  way  is  the  essential  feature  of  the  differential  analyser. 
In  this  case  such  a  connection  constrains  the  machine  to  solve 
continuously  the  equation 


y 


1.6 


dt2 


In  this  simple  illustration  coefficients  and  initial  values  have  been 
omitted.  The  solution  for  y  as  a  function  of  time  may  be  taken  from 
the  machine  in  various  ways.  One  convenient  manner  might  be  as  a 
graph  drawn  on  a  drum  revolving  at  a  constant  rate. 

The  principle  of  closed-loop  operation  had  occurred  first  to  Lord 
Kelvin  when  he  was  endeavouring  to  solve  a  second-order  differential 
equation.  Initially  he  considered  the  solution  of  a  second-order  system 
by  the  use  of  two  integrators  arranged  in  series,  open-loop .  The  output 
resulting  from  an  arbitrary  function  applied  to  the  input  of  the  first 
integrator  is  noted.  It  is  then  fed  to  the  input  of  the  first  integrator. 
The  process  is  repeated  till  input  and  output  are  equal.  This  common 
quantity  is  the  solution  to  the  problem.  Kelvin  then  realized  that  a 
connection  between  the  two  integrators  to  provide  a  closed-loop 
system  would  result  in  a  continuous  and  automatic  solution  to  the 
differential  equation.  In  the  words  of  Kelvin  himself:  ‘Compel 
agreement  between  the  function  fed  into  the  double  machine  and 
that  given  out  by  it’.  This  idea  is  the  basis  of  the  mechanical  differen¬ 
tial  analyser  and  also  the  electronic  machines. 

The  precision  of  the  solution  using  the  mechanical  differential 
analyser  is  dependent  on  a  variety  of  factors.  Slip  at  the  friction  wheel 
of  an  integrator  would  naturally  have  an  effect  on  the  accuracy.  So 
also  would  the  quality  of  the  gears  and  bearings.  The  mechanical 
nature  of  the  device  would  impose  serious  limitations  on  the  speed  of 
operation.  Nevertheless  machines  of  this  type  are  capable  of  precise 
work.  For  example  even  a  small  prototype  machine  constructed 
largely  of  standard  Meccano  parts  by  Hartree  and  Porter  at  Man¬ 
chester  University  had  an  accuracy  of  the  order  of  2  per  cent  (Ref.  1 .8). 
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A  variety  of  mechanical  differential  analysers  are  discussed  at  length 
in  a  book  by  Hartree  (Ref.  1 .9)  and  by  Crank  (Ref.  1.10). 

As  will  be  seen  in  later  chapters  mechanical  differential  analysers 
have  been  superseded  almost  entirely  by  electronic  machines.  The 
principle  of  operation  of  the  electronic  machine,  however,  is  very 
similar  to  the  mechanical  one.  Even  today  the  mechanical  analyser  is 
occasionally  used.  A  large  machine  of  this  type  has  recently  been 
completed  in  the  U.S.S.R.  (Ref.  1.11). 
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CHAPTER  2 


Comparison  of  Analogue  and  Digital 
Computers 


2.1  Introduction 

Recent  advances  in  pure  and  applied  sciences  have  been  especially 
rapid.  Progress  has  only  been  possible  because  the  advances  have 
occurred  at  the  same  time  as  a  tremendous  improvement  in  the 
facilities  for  the  solution  of  complex  problems.  In  some  cases  the 


Fig.  2.1.  General  Engineering  calculations 


CALCULATIONS 


LINEAR 


NON-LINEAR 


Total 

differential 

equations 


Partial 

differential 

equations 


I 

Simultaneous 

linear 

equations 


E.g.  analysis  E.g.  field  E.g.  steady 

of  electrical  problems  state  problems 

systems  containing 
inductance  and 
capacitance 


y 

E.g.  back-lash, 
saturation, 
non-linear 
resistance, 

‘  bang-bang  ’ 
servo  systems 


use  of  computing  equipment  has  merely  reduced  the  time  and  effort 
required  for  the  solution  of  problems.  In  other  cases  the  use  of  such 
equipment  has  proved  essential. 

Figure  2.1  shows  in  schematic  form  the  range  of  engineering 
calculations  normally  encountered.  These  comprise  the  two  main 
categories  of  linear  and  non-linear.  The  linear  type  are  sub-divided 
into  total  or  partial  differential  equations  and  simultaneous  linear 
equations.  Non-linear  problems  are  typified  by  such  engineering 
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phenomena  as  back-lash  in  mechanical  systems,  saturation  in  mag¬ 
netic  circuits,  and  non-linear  resistances.  Some  of  the  methods  for  the 
solution  of  engineering  problems  are  given  in  the  chart  of  Fig.  2.2. 
It  will  be  seen  that  there  are  two  principal  techniques. 


Fig.  2.2.  Methods  for  solution  of  problems 


(a) 

NUMERICAL 

0 b ) 

ANALOGUE 

1 

1 

1 

By  hand  Automatic  Equation  solving  Simulation 

using  desk  calculation 

calculator  using  digital 

computer 

In  greater  detail 

I.  Linear  equations 

1 .  Total  differential  equations 

{a)  Numerical  ( b )  Analogue 

Equation  solving 

(i)  Finite  difference  (i)  Mechanical  differential 

(ii)  Matrix  methods  analyser 

(ii)  Electronic  differential 
analyser 
Simulation 

Analogue  computer  used  as  a 
simulator 


2.  Partial  differential  equations 


(a)  Numerical 

(i)  Relaxation  methods 

(ii)  Finite  difference 

(iii)  Matrix  methods 


( b )  Analogue 

Equation  solving 

(i)  Differential  analyser 
for  small  departures 

(ii)  Electrolytic  tank  studies 

(iii)  Conducting  sheets 

(iv)  Membrane  methods 
Simulation 

Photo-elastic  techniques 
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3.  Simultaneous  linear  equations 


(a)  Numerical 

(i)  Elimination 

(ii)  Trigonometrical 

(iii)  Relaxation 


(b)  Analogue 

Equation  solving 

Transformer  analogue 
(e.g.  Blackburn  analyser) 
Simulation 
Network  analyser 


II.  Non-linear  equations 


(a)  Numerical 

Numerical  techniques 
applied  over  limited 
ranges  of  values 
assumed  to  be  linear 


(6)  Analogue 

Equation  solving 

Differential  analyser  with 
non-linear  units  or  function 
generators 
Simulation 

Analogue  computers  used  with 
non-linear  units,  function 
generators  or  non-linear 
elements  of  the  system  under 
consideration 


One  is  the  solution  of  problems  using  numerical  techniques.  A 
machine  used  in  this  work  is  the  modem  desk  calculator.  Basically 
this  is  capable  of  the  arithmetic  processes  of  addition,  subtraction, 
multiplication  and  division.  In  order  to  employ  it  successfully  for  a 
complicated  problem,  the  evaluation  of  a  trigonometrical  function 
say,  the  problem  must  be  expressed  in  such  a  fashion  as  to  be  capable 
of  solution  using  simple  arithmetic  processes.  In  the  example  under 
consideration  the  function  might  be  written  as  a  suitable  power  series, 
which  would  in  turn  be  evaluated  by  performing  multiplications  and 
additions.  For  a  larger  problem,  the  analysis  of  the  stresses  in  a  stiff 
frame,  for  example,  an  automatic  digital  computer  would  probably  be 
used.  Once  again  the  problem  would  have  to  be  presented  to  the 
calculating  machine  in  a  suitable  form.  The  calculations  would  be 
reduced  to  the  simplest  arithmetic  processes.  The  operator  of  the 
desk  machine  with  his  knowledge  of  the  various  stages  of  the  calcu¬ 
lation  would  be  replaced  by  the  computer  programme  providing  the 
detailed  instructions  for  each  section  of  the  calculation.  Some  form 
of  storage,  magnetic  drum,  cathode-ray  tube,  mercury  tank,  or 
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punched  tape,  would  take  the  place  of  the  operator’s  notebook  used 
to  record  intermediate  results  when  the  desk  machine  was  in  use. 

An  alternative  approach  to  the  solution  of  engineering  problems 
is  the  use  of  analogue  computing  equipment.  For  the  solution  of 
differential  equations  as  such,  some  form  of  differential  analyser  is 
normally  used.  When  the  emphasis  is  on  the  physical  quantities 
themselves,  the  same  machine  may  be  used  as  an  analogue  computer 
or  simulator.  The  distinction  between  these  two  functions  of  analogue 
computing  equipment  is  important  and  is  discussed  at  length  later 
in  this  section. 

If  partial  differential  equations  are  considered  for  small  departures 
a  differential  analyser  again  may  be  used.  The  other  methods  used  for 
the  solution  of  partial  differential  equations  are  most  interesting  and 
often  highly  ingenious.  In  some,  such  as  the  electrolytic  tank  method, 
(Ref.  2.1),  a  system  conforming  to  the  same  field  equations  as  the 
problem  under  consideration  is  used  as  an  indirect  model.  The  solu¬ 
tions  obtained  are  then  applied  to  the  original  situation.  Conducting 
sheets  (Ref.  2.2),  membrane  methods  with  rubber  sheets  (Ref.  2.3)  or 
soap  bubbles  (Ref.  2.4)  are  used  in  a  similar  way.  Photo-elastic 
methods  (Ref.  2.5)  are  used  as  more  direct  analogues  for  stress  analysis 
in  mechanical  and  civil  engineering.  Here  transparent  models  are 
stressed  in  a  similar  manner  to  the  structure  under  consideration. 
Provided  that  material  used  is  suitable,  lines  of  equal  stress  are  obser¬ 
ved  in  the  model  when  it  is  illuminated  by  polarized  light.  The  method 
is  applicable  to  both  two-  and  three-dimensional  problems.  Unfor¬ 
tunately  a  detailed  consideration  of  the  above  methods  for  the  solution 
of  partial  differential  equations  falls  outside  the  scope  of  this  book. 

The  above  general  survey  of  the  field  of  engineering  calculations 
indicates  that  for  the  most  part  computing  equipment  falls  into  one 
or  other  of  the  broad  categories  of  digital  or  analogue.  For  a  full 
treatment  of  analogue  methods  the  reader  is  referred  to  Ref.  2.6. 
While  it  is  occasionally  difficult  to  decide  the  category  of  a  particular 
machine,  the  basic  difference  is  comparatively  simple.  The  subject  is 
discussed  at  some  length  in  Ref.  2.7. 

The  modern  digital  computer,  hand  operated  or  automatic,  like  the 
machines  of  Babbage,  operates  upon  discrete  numbers.  For  example, 
in  the  desk  machine,  numbers  are  represented  by  the  position 
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of  toothed  wheels  which  can  take  up  only  certain  definite  positions. 
The  accuracy  of  the  solution  to  a  problem  is  dependent  on  the 
number  of  significant  figures  to  which  the  machine  is  designed  to  work. 
Ambiguities  which  may  occur,  for  example  in  division,  are  restricted 
to  the  least  significant  digit.  In  the  Difference  Engine  used  to  calculate 
a  square,  the  value  obtained  would  be  exact  provided  the  machine 
was  constructed  so  as  to  operate  to  a  sufficiently  great  number  of 
significant  figures. 

On  the  other  hand,  the  analogue  machine,  of  which  the  mechanical 
differential  analyser  is  an  example,  operates  upon  quantities  which 
are  capable  of  continuous  variation.  These  quantities,  shaft  rotation, 
electrical  voltage,  and  the  like,  are  the  analogues  of  the  physical 
variables  of  the  problem  under  consideration.  They  change  in  a 
continuous  fashion  as  do  the  problem  variables.  The  precision  with 
which  the  analogue  quantities  can  be  made  to  represent  the  physical 
variables  is  the  measure  of  the  accuracy  of  the  analogue  machine. 
Imperfections  of  the  analogue  machine  will  be  considered  later  in 
some  detail.  If  an  analogue  machine  was  used  for  the  generation  of 
a  square,  the  accuracy  of  the  result  would  be  dependent  on  a  number 
of  factors.  A  mechanical  device  would  suffer  from  the  same  sort  of 
limitations  as  the  mechanical  differential  analyser.  An  electronic 
device  would  be  dependent  on  the  precision  of  its  components, 
reference  voltages,  drift  in  computing  amplifiers  and  the  like.  While  an 
improvement  in  machine  performance  would  produce  a  more  accu¬ 
rate  result,  an  exact  value  would  never  be  achieved. 

Usually  a  digital  computer  is  employed  only  as  an  equation  solving 
device.  The  position  of  the  beads  of  the  abacus,  the  wheels  of  the  desk 
calculator  or  which  valves  are  conducting  and  which  non-conducting 
in  an  electronic  machine,  represent  numbers  used  in  equations  rather 
than  physical  quantities. 

With  the  analogue  machine  two  possibilities  exist.  The  variable 
quantities,  such  as  shaft  position,  may  represent  mere  numbers  as 
is  usual  in  the  digital  machine.  Frequently  however  they  are  con¬ 
sidered  as  the  analogues  of  the  physical  quantities  of  the  problem. 
In  the  second  case  the  operator  of  the  analogue  machine  comes  to 
appreciate  the  ‘feel’  of  the  problem  in  a  very  real  manner.  The  use 
of  analogue  machines  to  simulate  the  behaviour  of  actual  equipment 
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is  a  very  valuable  tool  in  the  hands  of  the  engineer.  Some  examples 
of  the  analogue  machine  used  in  its  two  roles  will  help  to  illustrate 
the  possibilities. 

2.2  Analogue  machines  used  as  equation  solvers 

(i)  Slide  rule.  The  slide  rule  is  familiar  to  all.  The  slide  may  be  adjusted 
to  any  position.  There  is  no  provision  for  setting  the  slide  to  discrete 
positions.  The  precision  with  which  the  slide  is  adjusted  to  the  desired 
position,  and  the  care  with  which  the  solution  is  read  off,  determine 
the  accuracy  of  the  solution.  In  addition  the  answer  is  affected  by  any 
inherent  errors  in  the  device  itself  such  as  irregular  or  inaccurate 
engraving  of  the  scales.  A  slide  rule  in  which  the  slide  was  capable  of 
taking  up  only  certain  definite  positions  would  become  a  digital 
machine.  Only  certain  definite  input  values  would  be  possible. 
Ambiguities  in  the  solution  would  be  restricted  to  a  single  division. 

(ii)  Differential  analyser.  As  already  seen  such  a  machine  may  be 
mechanical.  It  may  also  be  electronic.  In  either  case  it  is  used  for  the 
solution  of  differential  equations  -  principally  ordinary  linear  differ¬ 
ential  equations.  In  general  the  solution  for  each  type  of  machine  is 
obtained  by  a  process  of  successive  integration  in  a  closed-loop 
configuration.  The  operator  of  such  a  machine  is  concerned  only  to 
solve  the  equations  provided  for  solution. 

2.3  Analogue  machines  as  simulators 

(i)  Simulation  of  vehicle  suspension  system.  Suppose  the  design  of  a 
shock  absorber  for  a  road  vehicle  is  under  consideration.  The  motion 
of  the  piston  of  the  shock  absorber  in  the  cylinder  may  be  expressed  as 
a  second-order  differential  equation.  One  important  design  con¬ 
sideration  is  the  viscosity  of  the  oil  used  in  the  system. 

When  investigating  the  behaviour  of  the  system  using  an  electronic 
analogue  machine  in  the  role  of  a  simulator,  the  effect  of  varying  the 
viscosity  of  the  oil  would  be  readily  observed  by  adjusting  a  coefficient 
potentiometer  labelled  ‘  oil  viscosity  ’.  A  family  of  curves  showing  the 
motion  of  the  piston  following  the  application  of  a  shock  load  for 
various  values  of  oil  viscosity  could  be  drawn  up  in  a  comparatively 
short  time.  The  machine  operator  would  soon  appreciate  the  feel  of 
the  problem  and  would  soon  reject  certain  values  of  viscosity  as  quite 
unsuitable.  He  would  concentrate  his  attention  on  more  important 
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ranges  of  values.  Once  the  problem  had  been  set  up  he  would  give 
little  thought  to  the  differential  equation. 

If  a  digital  computer  was  used  for  the  solution  of  the  problem  the 
machine  would  print  out  solutions  to  the  differential  equation  for 
values  of  viscosity  previously  decided  upon.  Unless  a  rather  sophisti¬ 
cated  programme  of  instructions  had  been  provided  for  the  machine 
formal  solutions  would  be  performed  for  all  the  values  of  viscosity 
even  though  some  of  these  solutions  corresponded  to  highly  imprac¬ 
tical  conditions.  The  operator  would  be  concerned  solely  with  the 
solution  of  the  differential  equation  presented  to  him. 

(ii)  Simulations  for  aircraft  and  guided  weapon  studies.  The  cost  of 
aircraft  and  guided  weapon  studies  is  very  considerable.  Malfunction 
of  even  a  minor  item  of  equipment  may  result  in  catastrophic  failure 
of  the  test  vehicle  before  useful  data  can  be  accumulated.  Simulation 
of  performance  on  the  ground  using  an  analogue  computer  enables 
much  valuable  information  to  be  collected.  In  some  cases  it  may  be 
possible  to  incorporate  in  the  simulation  those  sections  of  the  equip¬ 
ment  which  have  already  been  constructed. 

For  example  the  early  investigation  of  the  yaw  motion  of  an  aircraft 
under  design  can  be  restricted  to  a  consideration  of  the  second-order 
differential  equation  which  relates  rudder  angle  and  angular  accelera¬ 
tion  in  yaw.  Later  the  response  of  the  servo  system  which  operates  the 
rudder  can  be  included  in  the  simulation,  as  can  effects  of  coupling 
between  roll  and  yaw  motion.  Approximate  values  for  the  coefficients 
of  the  terms  in  the  aerodynamic  equations  governing  the  motion 
would  be  obtained  from  wind  tunnel  tests  on  a  prototype  model  of 
the  proposed  aircraft.  An  actual  prototype  servo  system  for  rudder 
control  might  next  be  introduced  into  the  simulation.  Appropriate 
electro-mechanical  transducers  would  be  used  to  couple  it  to  the 
simulator  proper.  In  this  way  considerable  experience  would  be 
gained  before  flight  trials  commence.  Flight  trials,  wind  tunnel  tests, 
and  simulator  studies  may  be  used  to  supplement  and  cross  check 
each  other. 

Simulator  studies  can  also  be  used  to  indicate  how  a  limited  number 
of  flight  trials  can  be  exploited  to  best  advantage.  This  is  especially 
true  when  expense  precludes  a  large  number  of  trials  as  is  the  case 
with  most  guided  weapons. 
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Tridac,  (Three  Dimensional  Analogue  Computer),  one  of  the  first, 
large-scale  electronic  analogue  computers,  intended  for  aircraft  and 
guided  weapon  studies,  is  described  in  a  general  way  in  Ref.  2.8. 

(iii)  Simulation  of  nuclear  reactors.  The  need  for  gaining  operating 
experience  through  the  medium  of  simulator  studies  is  self  evident  in 
this  case.  Reference  2.9  is  one  of  many  which  gives  details  of  the 
applications  of  simulation  techniques  to  nuclear  reactor  studies. 

2.4  General  purpose  analogue  computers 

These  are  the  type  now  in  wide  use.  They  may  be  considered  as  either 
equation-solving  differential  analysers,  or  as  simulators,  depending 
on  the  problem.  Such  machines  are  now  almost  always  electronic  in 
operation.  The  mechanical  computers  described  briefly  in  the  previous 
chapter  suffered  from  a  variety  of  disadvantages.  Some  of  these  are 
listed  below. 

(i)  Cost  and  difficulty  of  manufacturing  the  machine  parts  asso¬ 
ciated  with  integrators  and  adders  to  a  sufficiently  high  standard  of 
precision. 

(ii)  The  physical  size  of  a  mechanical  computer  compares  unfavour¬ 
ably  with  an  electronic  machine  of  the  same  capacity. 

(iii)  An  electronic  machine  offers  the  possibility  of  simulating 
more  complicated  functions  than  a  mechanical  device. 

(iv)  Electronic  computers  may  be  operated  at  a  higher  rate  than 
mechanical  differential  analysers. 

(v)  The  modem  electronic  machine  offers  greater  flexibility  in 
operation  than  the  mechanical  computer.  Interconnections  between 
computing  elements  is  via  wiring  rather  than  mechanical  linkages. 
Frequently  interconnection  is  made  using  a  removable  ‘  patch  panel  ’. 
The  complete  arrangement  of  interconnections  for  a  particular  prob¬ 
lem  may  be  removed  on  its  completion,  and  a  fresh  one  substituted. 
The  original  problem  may  be  restored  to  the  machine  later  if  required. 

2.5  Comparison  of  the  speed  of  operation  of  analogue  and  digital 
machines 

The  speed  of  operation  of  the  digital  machine  depends  on  its  general 
design.  In  the  ‘serial’  machine  the  computations  are  performed  digit 
by  digit  in  a  single  arithmetic  unit.  In  the  ‘parallel’  machine  there  are 
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sufficient  arithmetic  units  to  allow  the  simultaneous  addition  of  all 
the  digits  of  a  pair  of  numbers.  The  speed  of  computation  is  not 
normally  related  to  the  rate  at  which  the  phenomena  of  a  problem 
are  changing.  In  a  digital  machine  used  to  compute  tables  of  trajec¬ 
tories  for  a  ballistic  missile,  for  example,  there  is  no  relation  between 
the  time  of  flight  and  the  time  taken  for  solution. 

The  position  is  rather  different  when  analogue  machines  are  used 
for  the  solution  of  problems.  When  used  merely  as  equation  solvers, 
the  independent  variable  in  the  mechanical  differential  analysers  is 
frequently  proportional  to  time.  As  will  be  seen  in  the  next  chapter, 
the  independent  variable  in  the  electronic  machine  is  always  time. 
The  speed  of  solution  is  therefore  related  to  the  time  taken  by  the 
physical  variables  of  the  problem  to  reach  their  steady  state.  In  many 
cases  it  is  desirable  for  the  time  scale  of  the  simulation,  or  the  solution 
to  the  differential  equation,  to  be  the  same  as  that  of  the  physical 
problem.  This  technique  is  known  as  operation  in  ‘real’  time.  For  a 
simulation  in  which  actual  items  from  the  system  under  consideration 
are  attached  to  the  computer  it  is  essential  to  operate  in  real  time.  In 
other  cases  it  may  be  possible  to  include  a  scale  factor.  This  is  opera¬ 
tion  where  ‘machine’  time  is  not  the  same  as  real  time. 

For  example  the  solution  representing  the  response  of  a  second- 
order  system  to  a  unit  step  function  may  be  obtained  from  an  analogue 
machine  operating  in  a  repetitive  fashion  at  a  sufficiently  rapid  rate 
for  a  steady  picture  of  the  complete  response  to  appear  on  an  oscillo¬ 
scope  display.  Machine  time  in  this  case  need  not  correspond  to  real 
time.  If  the  same  machine  were  used  in  a  simulation  of  the  response 
of  an  aircraft  control  surface  which  included  servo  motors  from  the 
real  system,  then  it  would  be  essential  for  the  simulation  to  take  place 
in  real  time. 


2.6  Conclusion 

Chapter  1  gave  a  brief  historical  background  to  the  general  field  of 
computation.  In  Chapter  2,  after  discussing  the  range  of  problems 
which  requires  solution,  the  essential  differences  between  analogue 
and  digital  techniques  were  considered.  Some  applications  of  the 
analogue  machine  were  mentioned  in  a  general  way.  Reasons  for  the 
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abandonment  of  the  mechanical  differential  analyser  were  listed. 
Time  scales  were  discussed. 

The  remainder  of  this  book  will  be  devoted  to  the  electronic 
analogue  computer  -  its  mode  of  operation,  scope  and  auxiliary 
equipment.  Examples  of  its  application  to  problems  in  various  fields 
will  be  considered  in  detail. 
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CHAPTER  3 


The  Role  of  the  Operational  Amplifier 

3.1  Introduction 

The  mechanical  differential  analysers  considered  in  Chapter  1 
suffered  from  various  disadvantages  which  have  been  briefly  enu¬ 
merated.  They  have  been  superseded  almost  entirely  by  electronic 
machines.  The  principle  of  operation  however  remains  the  same. 
Solutions  are  obtained  by  suitable  interconnection,  in  closed-loop 
fashion,  of  integrators,  summing  units  and  the  like. 

The  essential  element  of  each  of  these  units  is  a  high  gain  direct- 
coupled  electronic  amplifier.  With  valve  amplifiers  the  analogue 
quantity  is  voltage.  In  the  transistor  amplifiers  now  coming  into  use, 
voltage  is  again  used  as  the  analogue  quantity.  The  performance  of 
both  valve  and  transistor  amplifiers  will  be  considered  in  greater 
detail  later.  For  the  moment  it  will  suffice  to  take  the  valve  amplifier 
and  consider  it  as  a  unit  which  possesses  the  following  properties. 

(i)  Ability  to  handle  d.c.  voltages  such  as  might  occur  after  the 
imposition  of  an  input  step  function. 

(ii)  High  gain.  The  amplifier  is  considered  as  a  voltage  amplifier.  Its 
voltage  gain  may  well  be  of  the  order  of  106.  A  sign  reversal  is 
included. 

(iii)  Bandwidth  sufficient  to  avoid  phase-shift  or  attenuation  of  the 
higher  frequency  components  of  input  waveform. 

(iv)  Negligible  grid  current  at  the  first  stage  of  the  amplifier.  A  typical 
value  of  the  grid  current  might  be  10“ 9  A.  A  negligible  grid  current 
implies  a  very  high  input  impedance  to  the  amplifier. 

(v)  Low  drift.  All  d.c.  amplifiers  tend  to  introduce  some  drift  which 
results  in  a  non-zero  output  for  zero  input.  This  output  is  not  constant 
but  gradually  changes.  One  of  the  major  design  problems  associated 
with  d.c.  amplifiers  is  the  reduction  of  drift  to  an  acceptably  small 
value.  With  most  d.c.  amplifiers  used  in  computing,  provision  is 
made  for  periodic  adjustment  to  give  zero  output  for  zero  input. 
The  quality  of  the  amplifier  determines  the  frequency  with  which 
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adjustment  has  to  be  made  to  restore  the  amplifier  to  its  original 
balanced  condition. 

(vi)  Low  output  impedance.  This  has  the  result  that  the  output  of 
the  amplifier  is  not  affected  by  the  magnitude  of  the  load  resistance 
applied  to  the  output  of  the  amplifier.  A  cathode-follower  output 
stage  (see  Chapter  5.2)  is  frequently  used  for  this  purpose. 

A  block  diagram  of  such  an  amplifier  is  shown  in  Fig.  3.1.  In  this, 
and  all  similar  diagrams,  voltages  are  referred  to  an  earth  line  which 

A 

o— 

Fig.  3.1.  Schematic  of  high  gain  d.c.  amplifier 

is  omitted  from  the  diagrams.  Let  the  voltage  gain  be  —  M.  The  input 
is  at  A,  the  output  is  taken  at  B.  For  an  input  voltage  va,  the  corre¬ 
sponding  output  voltage  is  v0  where 

v0  =  -Mva  3.1 

Since  the  gain  is  very  large  the  voltage  va  must  always  be  vanishingly 
small  for  practical  values  of  v0.  Because  the  voltage  at  A  tends  to 
zero  value,  point  A  is  often  called  a  ‘virtual  earth’. 

An  amplifier  with  these  properties  is  often  referred  to  as  an 
‘operational  amplifier’.  Different  combinations  of  resistance  and 
capacitance  at  the  input  to  the  amplifier,  and  as  feedback  elements 
across  the  amplifier  enable  various  mathematical  operations  to  be 
performed. 

3.2  Application  to  sign  change 

In  Fig.  3.2,  R;  is  a  resistor  connected  to  the  amplifier  input,  Rf  is  a 
feedback  resistor  connected  across  the  amplifier  between  A  and  B. 
Since  no  current  flows  into  the  grid  of  the  amplifier  input  stage 

ha  =  if  3-2 

where  iin  is  the  current  flowing  in  the  resistor  Rh  and  if  is  the  current 
in  Rf. 
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Fig.  3.2.  Amplifier  used  for  sign  reversal  and  gain  change 
Application  of  Ohm’s  Law  to  eqn.  3.2  gives 

Vi-Vg  _  Vg-Vo 
Rf 


or 

but 

Hence 

or 

Therefore 


Rj  i\f 

Rf{vj-va)  =  Rj(va-v0) 


va  =  —  -2  from  eqn.  3.1 
M 


R,  R,  | 


—  RfM 


v,  Rf  +  R^l  +  M) 


Since  M  is  very  large 


If  M  is  infinite 


Let  Rt  =  Rf,  when  for  finite  values  of  M 


^-1 

Vi 


Since  v0  ~  -  vt,  a  sign  change  has  been  achieved. 


3.3 


Vo 

Rf 

.  IV 

~ 

-i 

3.4(a) 

_ 

Vi 

Rf 

Rt 

3.4(b) 

3.5 
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3.3  Application  to  scale  change 

In  many  cases  it  may  be  desirable  to  change  the  magnitude  of  the 
analogue  quantity  in  addition  to  changing  its  sign.  This  is  multipli¬ 
cation  by  a  constant  k 


vQ  =  —kv[ 


3.6 


The  analysis  is  just  as  for  the  previous  case  as  far  as  eqn.  3.4(a).  The 
ratio  of  resistors  Rf/Rj  is  simply  made  equal  to  the  constant  A:.  Hence, 


3.7 


3.4  Effect  of  finite  value  of  open-loop  gain 

The  voltage  gain,  —  M,  of  the  amplifier  before  the  application  of  the 
computing  elements  is  frequently  called  the  ‘open-loop  gain’.  The 
voltage  gain  when  the  computing  elements  have  been  connected  is 
known  as  the  ‘closed-loop  gain’. 

It  is  interesting  to  relate  the  accuracy  with  which  a  sign  or  scale 
change  is  achieved  to  the  open-loop  gain  of  the  operational  amplifier. 
Let  the  actual  value  of  closed-loop  gain  be  —  G'  where 


3.8(a) 


v. 


Let  the  ideal  closed-loop  gain  be  —  G,  where  from  eqn.  3.4(b) 


3.8(b) 


Rearranging  eqn.  3.3  we  have 
vQ  —  RfM 


Vi  Rf  +  Ri(l+M ) 


Substituting  from  eqn.  3.8  gives 


22 


ELECTRONIC  ANALOGUE  COMPUTERS 


or  _C-=  _C{l+i(l+C)}  ‘ 

Expansion  using  the  Binomial  Theorem  yields 

-°'=  -c{1-x?0+c,+(i1+G) +  --} 

Since  M>G  and  M^>  1,  terms  other  than  the  first  two  in  the 
expansion  may  be  neglected. 

Hence  G'  =  cjl  -^(1  +  <7)| 

The  error  in  the  computation  is 

G-G'^~(\+G)  3.9 

M 

Percentage  errors  introduced  for  various  values  of  M  and  G  are 
tabulated  in  Fig.  3.3.  As  will  be  seen  from  the  table,  the  effect  of  error 


Fig.  3.3.  Effect  of  finite  gain  in  sign  change  and  gain  change 

The  figure  shows  the  percentage  error  for  various  values  of  ideal  closed- 
loop  gain  G,  and  open-loop  gain  M. 


Open-loop  gain  M 
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due  to  finite  gain,  over  a  wide  range  of  values  of  G,  is  small  provided 
the  open-loop  gain  is  made  reasonably  large. 

Under  these  circumstances  the  accuracy  will  be  limited  by  the 
precision  with  which  the  ratio  of  the  resistances  Rf/Ri  is  setup,  and 
maintained,  at  its  initial  value. 

3.5  Summation 

In  this  case  the  single  feedback  resistor  Rf  is  inserted  as  before.  Each 
input  requiring  summation  is  applied  via  an  input  resistor.  Figure  3.4 


Rf  if 


Fig.  3.4  Arrangement  for  summation 


shows  an  arrangement  for  the  summation  of  three  voltages  vif  v2, 
and  v3,  applied  to  input  resistors  R\,  R2,  and  R2  respectively. 

As  in  the  previous  case,  grid  current  is  assumed  to  be  zero.  The 
three  input  currents  q,  i2,  and  /3  may  be  equated  to  the  current  if 
through  Rf 

ll  +  l2  +  l3  =  3.10 

substitution  gives 

Pi -Vg  {  VjT^a  J  3n 

R\  R2  R3  Rf 

now  va  =  —vJM  (eqn.  3.1) 

Thus  rearrangement  of  eqn.  3.1 1  gives 

i?,  R2  Ri  °\  Rf  M\Ri  R2  Ri  Rfjj 
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and  for  large  values  of  M,  the  last  four  terms  on  the  right-hand  side  of 
the  equation  may  be  neglected  to  give 


or 

where 


vn~  -R, 


vi  v2  v2 
Rl  +  R2  R3 


va  ~  -  {ayvx  +  a2v2+ a2v2} 


R 


a,  =  a2  =  — j  and  =  — 

1  r>  *•  r>  J  r> 

Ai  K2 


R 


R 


■/ 


ur1  =  r2  =  r3 

v0  -  -(^l+^2  +  ^3) 


3.12 


3.13 


The  precision  with  which  this  result  is  achieved  depends  on  the 
value  of  the  open-loop  gain  in  a  similar  manner  to  the  previous  case. 
Provided  Mhas  a  value  of  the  order  of  105,  inaccuracy  due  to  finite 
gain  may  be  neglected  for  almost  every  case.  As  will  be  seen  from  eqn. 
3.12,  input  voltages  may  be  multiplied  by  constants  at  the  same  time 
as  they  are  assumed.  On  occasion  this  may  prove  a  useful  facility. 


3.6  Integration 

For  integration  a  resistor  Rt  is  applied  at  the  input,  and  a  feedback 
capacitor  C  is  connected  across  the  amplifier.  The  arrangement  is 
indicated  in  Fig.  3.5. 


For  a  capacitor 


q  =  Cv 


3.14(a) 


where  q  is  the  charge  on  the  capacitor,  v  is  the  voltage  across  the 
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plates,  and  C  is  the  capacitance.  The  charge  q  is  the  time  integral  of  a 
charging  current  i,  thus 

t 

q  =  J  i.dt  3.14(b) 

o 

Equating  3.14(a)  and  3.14  (b)  gives 

t 

J  idt  —  Cv 

o 

On  differentiation  i=  C  dvjdt  3.15 

For  zero  grid  current  at  the  first  stage  of  the  operational  amplifier 

hn  =  if 

Application  of  Ohm’s  Law  and  substitution  from  eqn.  3.15  gives 


V.—  Va 

~  cdtPa~Vo) 

but  va  =  —vJM  (eqn.  3.1) 

Hence 

For  large  values  of  M  this  yields 


®i-  -RiC-(v0) 


Integrating  both  sides  and  rearranging  gives 


V°  ~  -tc  J  v‘dt+vo0=0) 

o 


3.16 


3 
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where  vO(t=0)  is  the  initial  value  of  output  voltage  at  time  t  =  0.  For 
the  moment  assume  that  vO(,=0)  has  zero  value,  when, 


o 


where  T=  RtC  is  the  time  constant  of  the  integrator.  This  determines 
the  amplitude  scaling  which  is  applied.  The  relation  of  eqn.  3.17 
indicates  that  a  voltage  may  be  integrated  with  respect  to  time. 
Practical  limitations  and  the  insertion  of  initial  values  will  be  con¬ 
sidered  later. 

In  the  electronic  analogue  computer  the  independent  variable  is 
always  time  since  the  integrations  are  always  performed  with  respect 
to  time.  In  the  mechanical  differential  analyser  the  angle  turned 
through  by  the  master  crank  was  the  independent  variable.  If  the 
rotation  proceeded  at  a  steady  rate,  the  independent  variable  could 
be  considered  as  time,  but  this  was  not  essential. 

In  the  electronic  machine,  operation  may  take  place  in  real  time. 
Alternatively  it  may  be  possible  to  scale  the  time  by  some  constant 
value.  As  was  explained  in  the  previous  chapter  this  is  not  possible 
if  items  of  physical  systems  are  included  in  the  simulation. 


3.7  Integration  and  summation 

Figure  3.6  illustrates  summation  and  integration  performed  with  a 
single  operational  amplifier. 


where  Tj  =  7?jCand  T2  =  R2C,  and  initial  values  have  been  omitted. 
If  Tj  and  T2  are  unequal,  vx  and  v2  may  be  considered  as  multiplied  by 
different  constants  before  integration. 
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In  Sections  3.1  to  3.7  no  restriction  was  placed  on  the  form  of 
the  input  voltage  Vj.  It  may  frequently  take  the  form  of  a  step-function 
or  ramp-function.  Only  in  exceptional  cases  would  the  input  be 
sinusoidal. 


Fig.  3.6.  Integration  and  summation 


3.8  The  operational  amplifier  in  the  general  case 

So  far  the  operational  amplifier  has  been  considered  for  applications 
in  which  resistors  have  been  used  at  the  input,  and  a  resistor  or 
capacitor  as  a  feedback  element.  Under  these  conditions  there  is  no 
restriction  on  the  shape  of  the  input  waveform.  Consider  now  what 
would  be  the  result  if  impedances  other  than  those  mentioned  above 
were  inserted  as  computing  elements.  Suppose  the  impedance  con¬ 
nected  at  the  amplifier  input  was  Z,  and  the  feedback  element  had 
impedance  Zy. 

With  sinusoidal  operation  the  current  /  through  a  linear  circuit  of 
impedance  Z  is  related  to  the  applied  voltage  V  by  the  relation 
Z=  V/I.  Z  may  be  evaluated  by  expressing  V  and  /  as  complex 
quantities  using  the  well-established  methods  of  the  j  operator 
technique.  When  other  than  sinusoidal  signals  are  applied  more 
sophisticated  methods  are  required.  The  Laplace  transform  tech¬ 
nique  is  very  convenient.  The  reader  is  referred  to  one  of  the  textbooks, 
for  example,  that  given  in  Ref.  3.1  for  a  full  discussion.  What  follows 
here  is  merely  a  statement  of  how  the  technique  may  be  used  in  this 
application. 

A  voltage  v  applied  to  the  terminals  of  a  two-terminal  network 
produces  a  current  i  given  by 

Z(p)i  =  v 
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where  l  and  v  are  the  Laplace  transforms  of  i  and  v.  A  table  of  some 
of  the  more  common  Laplace  transforms  is  given  in  Fig.  3.7.  Z(p )  is 
called  the  generalized  impedance  of  the  network.  The  value  of  Z(p) 
for  a  network  can  be  obtained  by  combining  the  generalized  impe¬ 
dances  of  the  elements  which  comprise  it  according  to  the  ordinary 

Fig.  3.7.  Table  of  common  Laplace  transforms 


y(t) 

(fory(t)  Ss  0) 

y(p) 

1 

1 

— 

P 

k 

k 

P 

a 

sinaJ 

p2  + a2 

cos  at 

_ P _ 

p2  +  a2 

1 

eat 

P~a 

tn-l 

1 

(«—!)! 

Pn 

laws  for  combining  impedances.  The  value  of  the  generalized  impe¬ 
dance  of  a  circuit  element  may  be  obtained  by  replacing  ( jco )  whenever 
it  occurs  in  a.c.  impedances  by p  where  co  is  the  angular  frequency  for 
sinusoidal  operation.  Some  impedance  values  Z  and  the  correspond¬ 
ing  values  of  generalized  impedance  Z(p)  for  simple  circuit  elements, 
and  combinations  of  circuit  elements,  are  given  below  in  Fig.  3.8. 

It  is  now  convenient  to  consider  the  general  case  which  is  illustrated 
in  Fig.  3.9.  Consider  an  impedance  Zt(p)  at  the  input  to  an  operational 
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Fio.  3.8.  Table  of  simple  impedances  Z  with  values  of  generalized 

impedances  Zip ) 


Circuit  Element 

Impedance  Z 

Generalized  Impedance 

Zip) 

R 

R 

R 

C 

1 

i 

- 11— 

JcoC 

Cp 

L 

— — 

JojL 

Lp 

R  C 

z  =  R  +  -^, 

zip)  =  R+^~ 

AAA — 1 1 - 

jcx)C 

pC 

_Cj . _ 

1  1  1 
_ 

— 

Z  R  IIjooC 

-VW 

R 

R 

Z  =  — - — 

Zip)  =  ■-■R— 

1+jwCR 

1  +pCR 

amplifier,  and  an  impedance  Zf{p)  across  the  amplifier.  Assuming 
that  no  grid  current  flows 

fin  =  if  3.19 

where  7in  and  //are  the  Laplace  transforms  of  /in  and  if.  If  point  A  is 
assumed  to  be  at  earth  potential,  and  if  vt  and  vQ  are  the  transforms 
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of  and  v0,  then  substitution  in  eqn.  3.19  gives  the  familiar 
relation 

V-2  ~  3.20 

Vi  Z,(p) 

but  now  for  transformed  quantities. 

The  use  of  the  Laplace  transforms  in  eqn.  3.20  avoids  any  restric¬ 
tion  on  the  form  of  input  voltage  vh  If  non-transformed  quantities 


Fig.  3.9.  The  operational  amplifier  in  the  general  case 

had  been  used,  with  impedances  expressed  in  terms  of  (jio),  then 
relation  3.30  would  have  been  valid  only  for  sinusoidal  inputs.  This 
would  prove  a  very  serious  restriction. 

3.9  Transfer  functions 

The  idea  of  transfer  function  is  illustrated  by  the  diagrams  of  Fig. 
3.10.  At  (a)  a  simple  network  of  two  series  resistors  is  given.  The 
transfer  function  for  a  network  is  the  ratio  of  output  to  input.  In  this 
case,  the  ratio  of  output  voltage  V0,  to  input  voltage  V;,  where  the 
voltages  are  d.c.  quantities.  The  transfer  function  is  given  by  the 
relation 

Vo=  Ri 
Vi  Rt  +  R2 

where  the  resistances  act  as  a  potential  divider. 

At  (b)  a  resistor  and  capacitor  are  connected  in  series,  and  a 
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sinusoidal  input  voltage  vt  yields  an  output  sinusoidal  voltage  v0. 
They  are  related  by  the  transfer  function 

Vo  _  1  IjaiC  _  1 

R-\r  1  IjcoC  1  +  jcoCR 

using  the  method  of  the  j  notation. 

In  Fig.  3.10(c)  while  the  same  circuit  is  employed,  no  restriction  is 
placed  on  the  shape  of  the  input  waveform.  The  Laplace  transform 

(a)  d.c.  input: 

Vo  _  R* 

V(  Ri+Rz 


(b)  Sinusoidal  input : 

va  _  lljtuC  _  1 

Vi  R-\-\  IjcoC  1  jtoCR 


R 


(c)  Any  input: 

£o  _  llPc  _  1 

Vi  R+l/pC  1  pCR 


(d)  General  case : 


Vo 

Vi 


G(p) 


Fig.  3.10.  Simple  examples  of  transfer  functions 
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of  the  input  voltage  vt  and  the  output  voltage  v0  are  related  by  the 
transfer  function, 

v_o  _  ljp£  _  1 

Vj  R+l/pC  1  ~\~p  CR 

In  the  general  case  shown  in  Fig.  3.10(d),  the  network  is  specified 
merely  as  some  function  G(p)  of  p.  The  network  is  assumed  to  be 
linear.  The  transfer  function  is  given  by 

—  =  G(p)  3.21 

Vi 

An  operational  amplifier  connected  as  shown  in  Fig.  3.9  may  be 
used  to  represent  a  system  having  a  transfer  function  G(p)  provided 
suitable  input  and  feedback  impedances  are  employed.  Some  possible 
arrangements  are  shown  in  Fig.  3.11  as  detailed  below. 

Figure  3.11(a)  shows  the  role  of  the  operational  amplifier  for  sign 
change.  This  yields  a  transfer  function 

Vo  _  Zfjp) 
vt  Z,(p) 

where  Zf(j>)  =  Zt(p)  =  R 

V  R 

hence  —  =  —  —  =  —  1  or  G(p)  —  —  1 

Vj  R 

as  already  seen  in  Section  3.2. 

Figure  3.11(b)  indicates  integration  of  an  input  signal.  The  transfer 
function  is 


v0  _  Zf(p ) 
Vi  Zi(p) 

where 

z'w  =  Jc 

and 

II 

s 
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Hence 

Vo  _  1  _  1 

v;  pCR  pT 

RC  =  T 

or 

1  1 

v0  = 

T  p 

This  is  equivalent  to  v0  —  —(1/7)  J  vtdt  from  eqn.  3.17  of  Section 
3.6.  Thus  1  Ip  in  the  notation  of  the  Laplace  transformation  indicates 
an  integration. 

Figure  3.11(c)  illustrates  differentiation 

II 

JN 

€  ^ 

where 

Z,(p)  =  it 

and 

-  7c 

Hence 

II 

1 

3 

II 

1 

o* 

►1 

T=  RC 

or 

Vo=  -  TpVi 

Now  an  operational  amplifier  with  a  capacitor  at  input  and  resistor 
as  a  feedback  element  may  be  shown  to  perform  differentiation  of  an 
input  voltage.  Hence 

d 

v0  =  ~  T  j  (vd 


Thus  it  is  seen  on  comparing  the  transformed  and  untransformed 
equations  above,  that p  represents  a  differentiation  in  the  notation  of 
the  Laplace  transformation  just  as  1/p  indicates  integration.  The  use 
of  an  operational  amplifier  connected  for  differentiation  is  avoided 
as  far  as  possible  due  to  practical  limitations.  Consider,  for  example, 
a  differentiator  to  which  is  applied  an  input  voltage  with  a  content  of 
ripple  and  noise.  As  a  result  of  differentiation  the  output  ripple  and 
noise  level  will  be  very  considerably  increased.  The  design  of  opera¬ 
tional  amplifiers  capable  of  differentiation  also  presents  special 
difficulties  connected  with  amplifier  stability. 
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Figure  3. 1 1  (d)  shows  the  effect  of  using  a  feedback  network  consist¬ 
ing  of  a  capacitor  and  resistor  in  parallel. 

As  before 

v^ _ Zf(j>) 

Vi  Zi(p) 

r2 

Now  Zf(p)  =  [+pC2J2  and  Z‘(P^  =  R' 


Fig.  3.11.  Some  simple  Transfer  functions 
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Hence 


Rl::  1  Rly,  1 

Vj  Ry  \-\-pC2R2  \ -]r pT 


where  C2  R2  —  T- 

The  simulation  of  more  ambitious  transfer  functions  using  an 
operational  amplifier  is  illustrated  by  the  examples  given  in  Fig.  3.12. 
Ref.  3.2  carries  the  subject  considerably  further. 


Vo  _  pCi  Rj 
Vf  1+  pC\Ri 


Vo 

V 


ii?i  pC%R\' 


Vo 

Vi 


R2  l+pCiRA 
R^l+pCM 


Fig.  3.12.  Further  transfer  functions 
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[pC\  ^  1 

l  1+pCM 


(1  -VpCx  + /?C2  R2) 

pC 2  ^1 


_ —pC 1  -^2 _ 

(1  +  /?Cx  i^i)(l  +i?C2  -^2) 


Fig.  3.12.  Continued 

3.10  Approach  to  the  solution  of  equations 

In  considering  the  solution  of  differential  equations,  the  terms  of  the 
equation  may  be  written  in  the  form  dxnjdtn.  Alternatively  the 
Laplace  notation  may  be  used  where  pn  replaces  dn\dtn  and  1  jp 
represents  an  integration  with  respect  to  time. 

In  the  second  case  it  is  essential  to  replace  all  time  varying  quan¬ 
tities,  for  example,  input  and  output  voltages,  by  their  Laplace 
transforms.  Thus  for  example,  a  step  function 

y{t)  =  k 

yip)  =  - 

p 


becomes 
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A  sinusoidal  input 


y(.r)  =  V  =  FmaxsinuU 


max 


becomes 


y(p)  =  V 


The  Laplace  transform  is  employed  extensively,  particularly  when 
the  analogue  computer  is  used  to  provide  a  simulation  of  the  various 
sections  of  a  linear  physical  system,  in  order  to  replace  differential 
equations  involving  time  by  algebraic  equations  involving  p.  The 
use  of  p  functions  coupled  with  the  transfer  function  approach  is 
particularly  valuable,  for  example,  in  the  analysis  of  the  performance 
of  servomechanism  systems.  Its  use  with  the  analogue  computer 
provides  a  method  of  setting  up  problems  which  is  alternative  to  the 
direct  use  of  differential  equations. 
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CHAPTER  4 


The  Electronic  Analogue  Machine 

4.1  Introduction 

In  Chapter  3  the  use  of  high  gain  direct-coupled  amplifiers  for  sign 
change,  addition,  and  integration  was  considered.  In  this  chapter 
their  interconnection  to  solve  problems  is  considered.  The  basic 
principle  of  operation  is  illustrated  by  the  solution  of  a  simple  second- 
order  equation.  Machine  control  and  procedures  for  setting  up  a 
desired  operating  configuration  are  discussed  in  some  detail. 

4.2  Solution  of  a  second-order  equation 

The  behaviour  of  many  physical  systems  may  be  represented  by  a 
second-order  differential  equation  of  the  form 

d2y  dy 

a~dtI  +  bdt+cy=^  4.1(a) 

Such  an  equation  defines,  for  example,  the  acceleration,  velocity, 
and  position  of  a  mass  moving  in  accordance  with  Newton’s  Second 
Law  of  motion  -  force  equals  mass  multiplied  by  acceleration  - 
under  the  influence  of  a  frictional  force  proportional  to  velocity,  an 
elastic  restoring  force  proportional  to  displacement,  and  an  externally 
applied  force  /(/).  A  more  concise  method  of  representation  might  be, 

ay+by+cy  =  f(t)  4.1(b) 

In  attempting  to  solve  such  an  equation  it  is  usually  convenient  to 
rewrite  eqn.  4.1(b)  with  the  highest  derivative  term  on  the  left-hand 
side.  Thus 

ay  =  fit)  -by-cy  4.1  (c) 

Initially  the  presence  of  the  term  ay  is  assumed.  The  term  ay  is 
applied  to  the  input  of  an  integrator  whose  output  is  taken  as  —  by 
to  some  convenient  scale.  A  second  integration  yields  +  cy.  The  sign 
reversals  are  inherent  in  the  integration.  Figure  4.1  indicates  the 
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arrangement.  So  far  the  system  is  in  a  similar  condition  to  the 
arrangement  used  by  Kelvin  when  endeavouring  to  solve  a  similar 
equation  mechanically.  As  in  his  case  the  aim  is  now  to  generate  the 
sum  of  the  terms  on  the  right-hand  side  of  equation  4.1(c).  Connection 
of  the  sum  to  the  input  of  the  first  integrator  constrains  the  arrange¬ 
ment  to  solve  continuously  the  equation  of  4.1(c). 

This  closed-loop  system  is  shown  in  Fig.  4.2.  A  sign-reversing 
amplifier  is  connected  into  the  loop  to  provide  the  correct  sign  for 
the  term  in  y  .fit)  may  be  any  function  of  t.  In  a  typical  case  fit)  may 
be  a  step  function  or  a  sinusoidal  signal.  The  output  may  be  taken  at 
any  convenient  place.  The  variation  of  y  with  time  is  frequently 


required  when  the  recording  equipment  would  be  connected  at  point 
A  in  Fig.  4.2.  The  form  of  the  recording  equipment  would  depend  on 
the  time  taken  for  the  parameters  of  the  problem  to  settle  down  to 
their  steady-state  values.  In  many  cases  a  pen  recorder  may  be  used. 
If  the  steady-state  is  reached  quickly,  then  a  cathode-ray  tube  display 
photographically  recorded  may  be  preferred.  With  multi-channel 
recording  equipment  the  behaviour  of  several  quantities  with  time 
may  be  examined.  For  the  problem  under  consideration,  for  example, 
cy,  by,  and  ay  may  all  be  sampled  continuously  at  points  A,  D,  and  C 
of  Fig.  4.2. 

Alternatively  the  problem  might  have  been  stated  in  the  form 

ap2  y  +  bpy  +cy  =  f(j>)  4. 1  (d) 

where  p  has  the  significance  discussed  in  the  last  chapter.  f(p)  is  the 
transform  of  fit).  Exactly  the  same  configuration  of  operational 
amplifiers  would  be  employed  for  the  solution. 
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4.3  Machine  control  and  insertion  of  initial  values 

In  the  simple  case  considered  in  the  last  section,  no  mention  was  made 

of  the  control  of  the  computer.  Machine  operation  is  normally 


JULTL 

wv 

Fig.  4.2.  Block  schematic  of  solution  of  second-order  differential  equation 

ay+by+cy  =  f{t) 

controlled  by  relays  which  determine  the  state  of  the  machine.  Three 
or  four  states  of  operation  are  normal. 

1 .  Zero  set  (Z.S.)  condition.  This  is  the  initial  state  of  the  machine 
after  switch-on.  In  this  condition  the  input  resistors  of  all  the  opera¬ 
tional  amplifiers  are  earthed.  Resistors  are  applied  across  feedback 
capacitors  to  ensure  that  they  are  discharged. 
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Every  operational  amplifier  is  normally  provided  with  a  potentio¬ 
meter  adjustment  by  which  the  output  voltage  may  be  set  equal  to 
zero  when  the  input  voltage  is  zero.  The  process  is  known  as  ‘zero 
setting  The  frequency  with  which  zero  setting  is  required  is  a  measure 
of  the  quality  of  the  operational  amplifiers  used  in  the  machine.  Drift 
in  the  amplifier  is  the  reason  for  the  necessity  of  such  adjustment. 
Causes  of  drift  and  methods  of  reducing  it  are  discussed  later. 

While  with  early  amplifiers  frequent  balancing  was  required,  drift 


Fig.  4.3.  Zero  setting  arrangements,  (a)  Sign  change,  (b)  Integration. 
Initial  condition  arrangements  omitted 

rates  are  now  so  low  with  modem  amplifiers  that  adjustment  is  only 
made  at  the  beginning  of  each  working  period,  say  each  day.  Neon 
warning  lamps  are  usually  fitted  to  the  front  panel  of  each  amplifier 
to  indicate  the  incidence  of  unbalance.  Frequently  the  neon  lamp  also 
serves  to  indicate  overload  conditions  at  the  amplifier  output. 

Typical  zero  setting  arrangements  are  shown  in  Fig.  4.3. 

2.  Initial  conditions  (/.C.).  It  may  happen  that  it  is  necessary  to 
provide  initial  values  at  integrators.  The  method  is  illustrated  in 
Fig.  4.4  which  shows  an  operational  amplifier  connected  to  an 
integrator  with  relays  arranged  for  initial  conditions.  A  voltage  —  v 
4 
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is  applied  via  an  auxiliary  input  resistor  Ra.  This  produces  an  output 
voltage  a0(/=o)  and  provides  the  feedback  capacitor  with  its  initial 
charge.  In  this  condition  the  operational  amplifier  is  being  used  as  a 
scale  change  amplifier.  The  presence  of  the  feedback  capacitor  C, 
however,  requires  that  the  computer  must  remain  in  the  ‘initial 


-100V 


Fig.  4.4.  Provision  of  initial  conditions  at  integrators 


conditions’  state  sufficiently  long  for  the  capacitor  to  be  charged 
through  *>O(,=0)  volts.  In  the  steady  state 

On  energizing  the  relays,  the  run  condition  is  achieved.  The 
operational  amplifier  is  connected  as  an  integrator  having  an  initial 
charge  vo(/=0).  The  auxiliary  circuit  is  disconnected.  An  input  voltage 
—vi  yields  an  output  voltage  va  given  by, 
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3.  Run  condition.  In  the  run  condition  all  the  operational  amplifiers 
used  in  the  problem  are  interconnected  and  the  solution  proceeds  for 
as  long  as  the  operator  wishes.  For  the  case  of  the  second-order 
system  discussed  in  the  previous  section,  the  solution  will  frequently 
settle  down  to  a  steady  value.  Once  this  has  been  reached,  the  machine 
operator  has  normally  no  further  interest  in  the  problem.  The  machine 
is  then  restored  to  either  the  ‘zero  set’  condition  if  it  is  necessary  to 
check  for  drift,  or  more  usually  to  the  ‘  initial  condition  ’  state  when 
different  initial  values  and  different  coefficients  can  be  inserted  in  the 
problem. 

4.  Hold  (freeze ).  In  some  cases  it  is  desirable  to  hold  the  values 
achieved  at  the  end  of  a  run  for  some  little  time  before  returning  to 
the  initial  conditions  state  for  the  next  run.  In  the  hold  condition, 
integrator  inputs  are  earthed  resulting  in  their  outputs  remaining 
at  a  constant  value.  This  feature  allows  the  machine  operator  to  read 
off  final  values  at  leisure.  Provision  may  also  be  made  for  the  ‘hold’ 
state  to  occur  conditional  upon  some  other  parameter  or  parameters. 
In  a  computation  concerning  the  flight  of  an  anti-aircraft  shell,  for 
example,  the  ‘hold’  state  would  occur  whenever  the  distance  between 
target  and  shell  became  equal  to  the  range  at  which  the  proximity  fuse 
became  effective. 

4.4  Machine  interconnection 

In  early  electronic  analogue  computers,  interconnection  between  the 
various  operational  amplifiers  tended  to  be  via  wander  leads  con¬ 
nected  to  tag-strips  at  the  rear  of  the  amplifiers  themselves.  For  scale 
changing  and  addition,  computing  resistors  were  selected,  measured 
with  a  Wheatstone  bridge  and  augmented  as  necessary  with  resistors 
of  low  value  to  ensure  that  resistor  ratios  were  within  the  tolerances 
permitted  by  the  problem  under  consideration.  Since  the  resistors  used 
in  computing  are  frequently  of  the  order  of  1  MQ,  some  considerable 
skill  is  required  in  this  time  consuming  task.  Capacitors  used  for 
integration  were  carefully  measured.  Typical  values  might  be  OT  (jlF 
to  1  [xF.  The  correct  time  constants  were  achieved  by  providing  resis¬ 
tors  which  when  augmented  as  mentioned  above  gave  a  value  of  T 
which  was  within  the  limits  set  by  the  desired  accuracy  of  the  problem. 
After  measurement  the  circuit  elements  were  usually  soldered  into 
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place,  with  the  possibility  of  values  changing  due  to  the  heating  of 
components. 

Such  techniques  made  for  a  comparatively  inflexible  system  in 
which  considerable  time  and  effort  would  be  required  to  change  the 
problem  on  the  machine.  Since  many  of  the  early  analogue  computers 
were  in  fact  built  specially  as  simulators  of  specific  systems,  usually 
aircraft  or  guided  weapon  systems,  the  restriction  was  not  as  serious 
as  might  have  been  supposed.  A  problem  might  remain  on  the 
machine  for  many  months.  Many  test  runs  would  be  performed  with 
different  coefficient  values.  Sub-sections  of  the  overall  problem  would 
be  modified  and  enlarged  from  time  to  time.  Sections  of  the  problem 
represented  to  a  first  approximation  by  simple  transfer  functions 
would  be  represented  later  by  more  ambitious  transfer  functions. 
Items  of  the  physical  system  under  consideration  might  be  included, 
particularly  if  they  behaved  in  a  manner  which  would  be  difficult  to 
simulate  accurately.  Eventually  a  large  machine  of  perhaps  more 
than  a  hundred  operational  amplifiers,  and  having  a  considerable 
number  of  electromechanical  axis  transformation  units,  would  result. 

In  time,  however,  it  was  appreciated  that  there  would  be  consider¬ 
able  scope  for  comparatively  small  analogue  computers  which  were 
general  purpose  machines,  provided  that  a  large  variety  of  completely 
different  problems  could  be  set  up  with  ease.  The  principal  features 
which  distinguish  such  machines  from  the  earlier  ones  are  outlined 
below.  These  general  purpose  analogue  machines  are  now  in  wide  use. 

The  inputs  and  output  of  each  operational  amplifier  or  other 
computing  element  are  brought  out  to  sockets  at  an  interconnection 
or  ‘patch’  panel  at  the  front  of  the  machine.  Schematic  diagrams  on 
this  panel  are  so  arranged  that  the  function  of  each  element  may  be 
seen  at  a  glance.  A  section  of  a  typical  patch  panel  is  shown  in  Fig.  4.5. 
In  this  case  the  computing  elements  are  already  in  position.  Sometimes 
the  user  inserts  them.  Normally  several  input  sockets  are  available  to 
permit  more  than  one  input  voltage  to  each  operational  amplifier. 
Several  output  sockets  are  connected  in  parallel  at  the  output  of  the 
operational  amplifier.  This  enables  more  than  one  output  connection 
to  be  made.  In  certain  cases  the  summing  point  is  also  brought  out  to 
a  socket  at  the  patch  panel.  Sockets  are  frequently  colour  coded  for 
easy  identification.  Short  wander  leads  are  used  for  interconnection. 
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Fig.  4.5.  Section  of  patch  panel  of  typical  general-purpose  machine 


In  some  cases  provision  is  made  for  the  removal  of  the  complete 
patch  panel  with  the  interconnections  appropriate  to  a  particular 
problem,  and  the  substitution  of  other  patch  panels  with  the  correct 
connections  for  further  problems  already  made.  In  this  way  a  library 
of  solution  arrangements  can  be  built  up. 


4.5  Setting-up  procedures 

(i)  At  the  operational  amplifier.  Measurement  of  components  is 
eliminated  as  far  as  possible.  Integrators  normally  have  fixed  values 
of  feedback  capacitor,  say  two  values,  and  a  choice  of  several  values 


46 


ELECTRONIC  ANALOGUE  COMPUTERS 


of  input  resistor.  With  sign  change,  scale  change,  and  addition,  a 
fixed  value  of  feedback  resistor  Rf  and  a  choice  of  several  values  of 


2Mn 


(a) 

Typical  arrangement  for 
sign  change,  scale  change, 
and  addition 


(b) 

Typical  arrangement  for 
integrator 


Tin  sec 

T  = 

■■  RC 

7i  =  001 

T6  = 

01 

r2  =  o-os 

t6  = 

0-5 

t3  =  01 

T 7  = 

TO 

Ta  =  0-2 

Ts  = 

2-0 

(c) 

Sketch  of  resistor  or 
capacitor  for  direct 
insertion  on  patch  panel 


Fig.  4.6.  Typical  practical  values  for  operational  amplifiers 


input  resistor  are  normally  available  and  in  many  cases  are  already 
wired  into  position  behind  the  panel.  Selection  is  frequently  made  by 
switching.  Arrangements  with  typical  practical  values  are  shown  in 
Fig.  4.6.  The  relays  associated  with  machine  operation  are  omitted 
for  the  sake  of  simplicity. 


THE  ELECTRONIC  ANALOGUE  MACHINE 


47 


Figure  4.6(a)  shows  an  operational  amplifier  for  scale  change  or 
addition.  Six  inputs  are  available,  three  of  01  Mf2,  and  three  of 
1  "0  MO.  Thus  a  maximum  of  six  inputs  can  be  accommodated.  In 
this  case  addition  would  be  accompanied  by  three  gains  of  (— 10)  and 
three  gains  of  (—  1).  If  the  arrangement  of  the  patch  panel  permits, 
it  may  be  possible  to  arrange  two  or  more  input  resistors  in  parallel 
so  that  further  values  of  gain  are  available.  For  example  two  resistors 
of  1  MO  in  parallel  would  provide  a  gain  of  (  —  2). 

At  Fig.  4.6(b)  a  typical  integrator  is  shown.  Two  capacitor  values 
are  available  0T  p.F  and  1*0  ;xF.  Four  input  resistors  are  provided. 
The  various  combinations  of  resistance  and  capacitance  permit  seven 
values  of  time  constant  if  one  input  is  used.  Up  to  four  inputs  at  one 
time  are  possible  so  that  summation  with  integration  is  possible. 

In  small  machines  where  space  is  very  limited,  the  resistors  and 
capacitors  used  in  a  particular  problem  take  standard  values  as 
mentioned  above,  but  are  inserted  directly  at  the  patch  panel  as 
required  by  the  machine  operator.  This  technique  is  illustrated  in 
Fig.  4.6(c). 

High  stability,  close  tolerance  components  are  used  to  ensure  good 
accuracy.  As  has  already  been  mentioned,  computing  accuracy  with 
modern  machines  depends  to  a  very  considerable  extent  on  the  ratio 
of  resistors  in  scale  change  and  addition,  and  the  value  of  time  con¬ 
stants  for  integrators.  A  typical  tolerance  for  resistor  values  is  0T  per 
cent  and  for  capacitors  0-5  or  0T  per  cent.  The  trend  is  towards  even 
more  close  tolerances  on  component  values.  In  some  computers,  for 
example,  resistors  and  capacitors  are  enclosed  in  temperature-con¬ 
trolled  ovens  to  ensure  that  values  do  not  change  significantly  with 
variation  of  ambient  temperature.  In  many  cases  the  accuracy 
achieved  with  the  above  methods  will  suffice.  If  greater  precision  is 
required,  various  bridge  methods  may  be  used. 

(ii)  Coefficient  potentiometers.  Gain  change  other  than  by  fixed 
values  is  achieved  at  coefficient  potentiometers.  In  early  computers 
potentiometers  with  the  resistance  track  wound  on  a  multi-turn  helix 
were  freely  used  for  this  purpose.  Ten-turn  potentiometers  were 
typical.  The  calibrated  potentiometer  dial  was  divided  into  one 
hundred  divisions,  and  since  ten  complete  revolutions  were  available, 
slider  positions  could  be  set  up  to  one  part  in  a  thousand  quite  easily. 
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Typically  these  potentiometers  were  linear  to  within  0-1  per  cent. 
They  represented  a  very  considerable  advance  on  potentiometers 
capable  of  rotation  through  270°  only.  They  were  expensive,  and  for 
accurate  work  had  to  be  used  with  caution.  For  example,  consider  the 


Fig.  4.7.  Loading  of  potentiometer 


case  of  a  coefficient  potentiometer,  the  slider  of  which  is  connected 
to  the  input  resistance  of  an  operational  amplifier.  Such  an  arrange¬ 
ment  is  illustrated  in  Fig.  4.7.  The  input  resistor  shunts  the  lower 
portion  of  the  helical  potentiometer.  Unless  allowance  is  made  for 
this,  a  potentiometer  set  to  the  value  of  coefficient  required  would 
give  a  lower  value  than  the  correct  one  because  of  the  loading  by  the 
input  resistor.  Families  of  curves  showing  the  effect  of  loading 
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coefficient  potentiometers  for  different  values  of  potentiometer  resis¬ 
tance  Rk  and  input  resistance  Rj  were  used  to  overcome  this  difficulty. 
In  order  to  minimize  loadings,  R k  should  be  as  small  as  possible 
compared  with  Rj.  The  limit  to  the  value  of  Rk  is  normally  set  by  the 
maximum  current  which  Rk  is  permitted  to  pass. 

Recently,  more  economical  methods  have  been  used.  Lower  quality 
potentiometers,  not  always  multi-turn,  have  been  employed  in 

100V  100V 


association  with  a  master  potentiometer.  A  typical  arrangement  is 
shown  in  Fig.  4.8.  The  slider  of  the  coefficient  potentiometer  is 
connected  to  the  input  resistor  of  the  operational  amplifier  Rj.  The 
master  potentiometer  is  set  to  the  precise  value  of  coefficient  required. 
Standard  reference  voltages  of  the  same  magnitude,  say  + 100  V  are 
applied  to  the  top  of  each  potentiometer.  The  sliders  of  each  are 
connected  via  a  galvanometer.  The  slider  of  the  coefficient  potentio¬ 
meter  is  adjusted  until  a  null  is  indicated  on  the  galvanometer.  In  this 
condition  no  current  passes  through  the  meter,  and  the  presence  of 
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the  master  potentiometer  has  no  effect  on  the  remainder  of  the  circuit. 
Relays  are  used  to  connect  the  reference  voltages  and  measuring 
equipment  temporarily  into  circuit. 

As  an  alternative,  a  digital  voltmeter  may  be  used  to  monitor  the 
voltage  at  the  slider  of  the  potentiometer  when  the  input  resistor  R / 
is  connected.  This  is  a  device  with  a  very  high  input  impedance.  Its 
shunting  effect  may  normally  be  neglected.  Digital  voltmeters  are 
capable  of  direct  read-out  to  one  part  in  1000  or  even  10,000.  Since 
the  voltage  they  measure  is  displayed  in  the  form  of  numerals  it  may 
be  employed  with  ease  by  relatively  unskilled  personnel.  With  the 
increasing  general  use  of  the  digital  voltmeter  such  a  method  is 
attractive,  especially  with  the  larger  machines  where  its  high  cost  is 
more  justifiable. 

In  cases  where  great  precision  is  required  in  the  setting  up  of  opera¬ 
tional  amplifiers  as  scale  changers  or  adders,  bridge  methods  involving 
the  operational  amplifier  itself  may  be  used.  One  such  is  described  in 
Ref.  4.1. 

(iii)  Initial  conditions.  The  method  is  illustrated  in  Fig.  4.4  and  has 
been  discussed  in  Section  4.3.  The  voltage  —  v  set  in  from  the  potentio¬ 
meter  may  be  checked  using  the  master  potentiometer  technique 
mentioned  above.  If  very  considerable  precision  is  required,  the 
bridge  methods  which  incorporate  the  operational  amplifier  itself 
may  be  used.  In  many  machines  positive  and  negative  reference 
voltages  which  are  highly  stable  are  used  to  provide  the  potentials  for 
the  insertion  of  initial  conditions.  Such  reference  voltages  are  typically 
of  the  order  of  ±  100  volts. 

(iv)  Step  function  input.  Such  a  function  is  frequently  required.  The 
step  function  input  voltage  may  be  derived  from  the  same  reference 
source  as  the  voltages  used  to  provide  the  initial  conditions  at  the 
integrators.  The  magnitude  of  the  step  function  voltage  may  be 
determined  in  a  similar  manner. 

4.6  Time  scales 

In  many  cases  operation  will  be  in  real  time.  This  is  particularly  the 
case  when  the  computer  is  in  use  as  a  simulator  of  physical  systems 
of  the  servo  mechanism,  or  aircraft,  type.  In  some  cases,  however,  it 
may  be  desirable  to  work  with  ‘scaled’  time. 
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When  the  time  scale  is  such  that  the  computation  is  concluded  with¬ 
in  a  few  seconds  or  less,  facilities  for  the  use  of  the  machine  in  a  repeti¬ 
tive  role  may  be  valuable.  Long  persistence  cathode-ray  tube  displays 
may  be  used  in  conjunction  with  cameras  to  record  the  results. 

Some  machines  have  precise  time  measuring  facilities.  Provision 
is  made  for  continuous  repetition  of  the  control  sequence,  zero  set, 
initial  conditions,  run.  Computing  periods  range  from  0-1  seconds 
to  20  seconds  for  example. 

4.7  Scaling  of  a  problem 

The  process  by  which  a  problem  is  set  on  an  analogue  computer  may 
be  divided  into  two  sections. 

First  it  is  necessary  to  decide  upon  the  appropriate  configuration 
of  computing  elements  which  will  represent  the  physical  system  cor¬ 
rectly.  The  basis  of  this  procedure  has  been  discussed  already. 

The  second  consideration  is  the  determination  of  the  operational 
amplifier  gains,  of  coefficient  potentiometer  settings,  and  of  suitable 
values  for  the  scale  factors  applied  to  the  voltages  which  represent  the 
variables  of  the  physical  system.  These  must  be  such  as  to  yield  the 
correct  numerical  solution  to  the  problem.  This  second  consideration 
is  known  as  scaling  of  the  problem.  It  is  of  considerable  importance. 
Before  scaling  a  problem  a  number  of  factors  must  be  taken  into 
consideration. 

The  first  is  the  value  of  the  maximum  voltage  available  at  the  output 
of  an  operational  amplifier  for  linear  operation.  This  voltage  swing 
determines  the  largest  signal  voltage  which  may  be  employed.  Its 
value  depends  on  the  amplifier  design.  For  valve  amplifiers  where 
the  H.T.  supplies  are  of  the  order  of  plus  and  minus  300  volts,  typical 
maximum  values  of  voltage  swing  are  plus  and  minus  100  volts 
provided  only  small  currents  are  drawn  from  the  output  of  the  ampli¬ 
fier.  The  voltage  swing  will  diminish  if  larger  currents  are  taken.  A 
typical  plot  of  load  versus  swing  is  shown  in  Fig.  4.9.  It  indicates  that 
it  is  important  to  ensure  that  the  value  of  load  resistance  is  kept  within 
reasonable  limits.  This  load  resistance  frequently  takes  the  form  of 
a  set  of  coefficient  potentiometers  arranged  in  parallel,  and  used  for 
subsequent  sections  of  the  problem.  The  ohmic  value,  and  number  of 
such  potentiometers  must  always  be  a  compromise  between  the 
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demands  of  the  computer  configuration  and  the  need  to  keep  the  total 
potentiometer  loading  such  that  the  current  drawn  is  not  too  high. 
If  the  ohmic  value  of  the  individual  potentiometers  is  too  large, 
however,  then  the  application  of  computing  resistors  at  their  sliders 


Fig.  4.9.  Graph  showing  effect  of  load  resistance  on  maximum  output 

voltage  swing 

may  result  in  an  excessive  shunting  effect  as  discussed  in  Section 

4.500. 

A  second  important  consideration  is  that  of  the  possible  maximum 
values  of  the  various  terms  in  the  equation  representing  the  problem. 
In  many  cases  these  may  be  known,  at  least  approximately.  In  an 
aircraft  problem,  for  example,  the  maximum  velocity  and  acceleration 
of  which  the  plane  is  capable  will  be  known.  In  other  cases  a  reason¬ 
able  guess  at  the  maximum  values  may  often  be  made. 

In  the  interests  of  an  accurate  solution,  it  is  desirable  to  keep  the 
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voltages  which  represent  the  various  physical  quantities  of  the  prob¬ 
lem  as  large  as  is  compatible  with  the  danger  of  overloading  the 
operational  amplifiers.  When  very  small  voltages  represent  the 
quantities,  drift  voltages  and  noise  may  be  of  comparable  magnitude, 
with  the  result  that  the  accuracy  of  the  solution  falls  off.  With  modern 
machines  such  difficulties  would  only  become  serious  if  the  signal 
voltages  are  considerably  less  than  one  volt. 

In  practice  a  first  attempt  at  scaling  a  problem  may  not  prove 
completely  satisfactory.  Overload  at  some  of  the  operational  ampli¬ 
fiers  would  be  indicated  by  the  overload  warning  lamps.  After  rescaling 
various  sections  of  the  problem  as  necessary,  a  further  run  would 
be  tried.  The  presence  of  very  small  voltages  in  the  system  might  be 
investigated  next.  Finally  after  several  trials,  the  first  of  the  series  of 
actual  runs  would  be  performed.  In  many  problems  the  coefficients 
of  the  various  terms  will  have  a  range  of  values.  Scaling  of  the  problem 
must  take  account  of  this  range  of  values. 

In  order  to  illustrate  some  of  the  problems,  scaling  of  the  equation 
to  a  second-order  system  similar  to  that  discussed  in  Section  4.2 
will  now  be  considered. 

Equation  4.3(a)  represents  the  response  of  a  second-order  system 
with  damping  to  an  input  signal 

80  +  2£tu&0  +  cu2  d0  =  dj  4.3(a) 

where  a>0  =  undamped  natural  angular  frequency  of  the  system  in 
rad/sec 

£  =  damping  ratio 

8;  =  input  step  function  in  radians 

0o  =  output  signal  in  radians. 

Such  systems  are  frequently  encountered  in  servomechanism  work. 
See,  for  example.  Ref.  4.2.  It  is  well  known  that  the  response  of  such  a 
system  to  a  step  function  input  depends  on  the  value  of  the  damping 
ratio  £.  For  £  =  0,  the  system  is  oscillatory  with  peak-to-peak  ampli¬ 
tude  equal  to  twice  the  input  step.  As  the  value  of  £  rises  to  unity  the 
response  becomes  progressively  more  damped,  with  fewer  overshoots 
before  reaching  th»  steady-state  value  where  0O  =  8h  At  £=  1,  the 
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critical  value  of  damping  occurs  when  the  output  rises  to  a  value 
equal  to  the  input  step  without  any  overshoot.  When  £>  1,  the 
response  becomes  increasingly  sluggish. 

Initially  it  is  convenient  to  rewrite  the  equation  with  the  highest 
derivative  only  on  the  left-hand  side. 

B0  =  et-2t,wd0-wze0  4.3(b) 

A  computer  configuration  similar  to  that  shown  in  Fig.  4.2  is 
suitable  for  the  solution  of  such  a  second-order  system,  though  in 
practice  some  reduction  in  the  number  of  amplifiers  required  could  be 
achieved. 

In  order  to  use  the  machine  to  best  advantage,  some  idea  of  the 
maximum  values  of  the  various  terms  in  the  equation  must  first  be 
obtained.  The  maximum  value  of  da  will  be  twice  the  input  step  0,-. 
This  occurs  when  £  =  0.  In  this  condition  the  system  is  oscillatory, 
behaving  as  a  simple  harmonic  motion  with  period 

2n 

T  =  — sec 

CO 

The  maximum  value  of  60  will  be  aj0,-  and  the  maximum  value  of  80 
will  be  co29j.  Suppose  for  the  sake  of  simplicity  that  the  undamped 
natural  frequency  <o0  is  one  rad/sec,  and  that  0,-,  the  input  step  func¬ 
tion  is  equal  to  one  rad. 

The  equation  then  becomes 

80  =  1—2£0O—9O  4.3(c) 

Suppose  we  wish  to  investigate  the  solution  to  the  problem  for 
a  range  of  values  of  damping  ratio  from  £  =  0  to  £  =  2.  Figure  4.10 
shows  a  computer  configuration  suitable  for  the  solution  of  eqn. 
4.3(c).  Scaling  or  component  values  are  not  shown. 

In  setting  up  the  solution  to  the  above  problem,  various  methods 
of  approach  are  possible.  The  gain  of  the  operational  amplifiers,  the 
setting  of  coefficient  potentiometers,  and  the  scales  adopted  for  the 
analogue  voltages  are  all  inter- related.  Initially  it  is  convenient  to 
consider  them  separately  as  far  as  possible,  though  this  may  not 
always  make  for  the  best  use  of  the  machine. 
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(i)  Gains  of  operational  amplifiers.  First  suppose  that  the  same  scaling 
will  be  used  throughout  the  problem  if  this  can  be  arranged.  One  volt 
will  represent  a  units  of  Q0,  60,  0O,  and  0,  if  possible.  Now  take  the 


Fig.  4.10.  Block  diagram  of  computer  configuration  to  solve  eqn.  4.3(c) 

0„+ 2&+0O  =  1 


operational  amplifiers  in  turn  and  consider  the  gain  they  must  have 
to  satisfy  Eqn.  4.3(c).  First  consider  an  operational  amplifier  used  for 
integration.  The  input  voltage  vt  and  output  voltage  v0  are  related  as 
follows 


t 


o 
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Hence  l/Tmay  be  considered  as  the  gain  of  the  operational  amplifier. 
If  1  IT  equalled  unity,  for  example,  there  would  be  an  output  of 
1  volt/sec  for  a  steady  input  of  1  volt.  If  1/3"  =  10,  there  would  be  an 
output  of  10  volt/sec  for  a  steady  input  of  1  volt.  Now  take  the  first 
integration  of  the  problem  under  consideration. 

Operational  amplifier  1.  It  is  seen  from  Fig.  4.10  that  an  output 
— 160  is  required  for  an  input  +  0  0.  If  the  scales  for  80  and  60  are  to 
be  the  same,  a  gain  of  2  will  be  required  at  the  operational  amplifier. 
Thus  if  1  volt  represents  a  rad/sec2  for  80,  then  the  scale  for  60  will 
have  the  same  numerical  value  of  1  volt  represents  a  rad/sec  where  a 
is  the  scale  factor.  A  convenient  method  of  representation  is 

IV  ~  a  rad/sec2  (for  Ba) 

IV  ~  arad/sec  (for  60) 

The  gain  of  2  would  be  achieved  if,  for  example,  the  resistor  at  the 
input  to  the  operational  amplifier  had  a  value  of  1  Mf2  when  the 
feedback  capacitor  had  a  value  of  0-5  (J.F. 

Operational  amplifier  2.  Figure  4.10  shows  that  the  input  to  the 
second  integrator  is  —  l80  and  the  desired  output  is  +80.  Hence  if 
the  scales  for  80  and  80  are  to  be  the  same,  a  gain  of  0-5  is  required. 

The  scales  at  the  integrator  would  be 

IV  ~  a  rad/sec  (for  80) 

1 V  ~  rad.  (for  60) 

The  gain  of  0-5  would  be  achieved  with  a  1  Mfi  resistor  at  the  input, 
and  a  2  p.F  capacitor  as  a  feedback  element. 

Coefficient  potentiometer  P.\.  It  will  be  seen  from  Fig.  4.10  that  the 
output  of  amplifier  1  is  —  l8a  while  the  quantity  at  the  slider  of  the 
coefficient  potentiometer  is  —  2£0O.  A  multiplication  by  a  constant  £ 
therefore  takes  place  at  the  potentiometer.  Multiplication  by  a 
constant  less  than  unity  can  take  place  without  difficulty  at  a  coeffi¬ 
cient  potentiometer  and  no  change  of  scale  need  occur.  In  this  case 
however,  the  maximum  value  which  £  may  take  is  £  =  2.  The  multipli¬ 
cation  must  therefore  take  place  in  the  scaling.  In  order  to  satisfy  the 
relation  shown  in  Fig.  4.10,  1  volt  at  the  slider  of  the  potentiometer 
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must  represent  twice  as  many  units  of  £  as  1  volt  at  the  output  of 
operational  amplifier  1,  i.e. 

IV  ~  a  rad/sec  at  the  output  of  amplifier  1 
IV  ~  la  rad/sec  at  the  slider  of  potentiometer  P.l 

Operational  amplifier  3.  A  suitable  choice  of  input  and  feedback 
resistors  at  amplifier  3  will  enable  the  scale  at  its  output  to  be  restored 
to  the  same  value  as  that  throughout  the  remainder  of  the  problem. 
If  the  ratio  of  output  resistor  to  feedback  resistor  is  set  equal  to  2, 
resulting  in  a  gain  of  2,  then  the  scale  for  60  at  the  output  of  amplifier 
3  will  have  the  same  value  as  at  the  output  of  amplifier  1,  i.e. 

IV  ~  2a  rad/sec  at  the  input  to  amplifier  3 
IV  ~  a  rad/sec  at  the  output  to  amplifier  3 

Operational  amplifier  4.  The  scaling  applied  to  the  &0  and  6a  terms 
at  the  input  to  operational  amplifier  4  is  the  same  in  each  case 

IV  a  rad/sec  (for  60) 

IV  ~  a  rad.  (for  60) 

If  the  scale  for  the  input  step  6{  has  the  same  value 

IV  ~  a  rad.  (for  #;) 

then  summation  is  achieved  if  the  gain  of  the  three  input  channels 
is  the  same.  Unity  gain  is  required  to  ensure  that  the  scale 

IV  ~  arad/sec2  (for  0o) 

at  the  output  of  the  summing  amplifier  is  the  same  as  that  at  the  input 
to  operational  amplifier  1. 

(ii)  Value  of  scale  factor  ‘  a ’.  In  deciding  on  the  value  for  the  scale 
factor  a,  it  is  desirable  to  choose  a  value  such  that  as  large  an  amplifier 
swing  as  possible  is  employed.  To  do  this  an  approximate  knowledge 
of  the  maximum  values  of  the  variables  of  the  problem  is  necessary. 
5 
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For  the  problem  under  consideration,  the  maximum  values  of  the 
variables  are  as  follows : 

0/raax  =  1  rad. 

@o  max  =  2  rad. 

^omax  =  1  rad/sec 
Lax  =  1  rad/sec2 
i  =7 

bmax 

a>0  =  1  rad/sec 

Consider  the  operational  amplifiers  in  turn. 

Operational  amplifier  1.  Consider  the  output  of  operational  ampli¬ 
fier  1.  If  the  maximum  swing  for  linear  operation  is  ±100  V,  then 
since  the  output  is  —  29 0,  the  maximum  possible  value  of  a  is  to  when 

IV  ~  To-  rad/sec  (for  $0) 

Operational  amplifier  2.  At  amplifier  2,  the  same  value  of  scale 
factor  has  been  assumed  with  the  result  that 

IV  ~  io  rad.  (for  90 ) 

This  is  acceptable  since  the  maximum  value  of  9a  is  2  radians  which 
would  give  a  maximum  value  of  ±  100  V  at  the  output  of  the  amplifier. 

Potentiometer  PA.  The  top  of  the  potentiometer  is  taken  as  repre¬ 
senting  £  =  2.  Hence  for  a  maximum  permitted  voltage  of  ±100  V, 
we  have  at  the  slider 

100V  ~  20 0  max 

and  for  90  max  =  1  rad/sec  and  £  =  2,  this  yields 

100V  ~  4  rad/sec 

or  1 V  ~  t5-  rad/sec 

Thus  the  scaling  at  the  slider  of  the  potentiometer  is  lV~2a  rad/sec 
Operational  amplifier  3.  The  output  of  amplifier  3  is  +20 0.  If 
the  value  a  =  to  is  used,  the  maximum  theoretical  output  of  the 
amplifier  would  rise  to  200V  which  is  not  possible  due  to  the  practical 
limitations  imposed  by  the  amplifier  design.  This  indicates  the  need 
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for  revision  of  the  value  of  the  scale  factor  a.  Before  doing  this, 
however,  it  is  useful  to  consider  the  final  operational  amplifier. 

Operational  amplifier  4.  It  is  important  to  realize  that  in  general, 
the  output  of  a  summing  amplifier  may  represent  the  point  at  which 
the  worst  overload  may  occur.  In  this  particular  case,  the  phase 
relation  of  the  various  terms  in  the  summation 

0o=  i-e0-2  0O 

is  such  that  0 0  does  not  rise  above  1  rad/sec2  represented  by  the 
scaling  IV  ~  vo  rad/sec2,  for  which  overload  does  not  occur.  In 
general  it  is  safer  to  assume  that  all  the  terms  in  a  summation  may 
have  their  maximum  values,  each  of  the  same  sign,  at  the  same  time, 
(iii)  Revised  value  of  scale  factor.  In  view  of  the  overload  at  amplifier 
3,  a  more  conservative  scaling  might  now  be  considered.  Let  a  have  a 
value  iV-  Then  the  scaling  throughout  the  system  is  given  by  the 
relations  below. 


Output  of  amplifier  1 : 

IV  ~ 

Vo  rad/sec 

Output  of  amplifier  2 : 

IV  ~ 

to  rad. 

At  slider  of  potentiometer  P.l : 

IV  ~ 

1  rad/sec 

Output  of  amplifier  3 : 

IV  ~ 

to  rad/sec 

Input  step  function: 

IV  ~ 

-ro  rad. 

Figure  4.11  indicates  the  amplifier  configuration  for  the  solution 
of  this  problem.  Typical  values  of  the  computing  impedances  are 
shown,  as  is  the  scaling. 

(iv)  Limitations  imposed  by  equipment  available.  Now  consider  a 
modification  to  the  arrangement  discussed  above.  In  many  cases  with 
general  purpose  computers,  the  values  of  the  computing  impedances 
which  are  available  are  restricted.  Consider  the  case  where  the  feed¬ 
back  element  is  either  a  capacitor  of  1[tF  or  resistor  of  1  MO,  and  the 
input  resistors  have  values  of  either  1  MO  or  100  kQ.  These  restrictions 
would  result  in  modification  to  the  computer  set-up  shown  in  Fig.  4. 1 1 
for  the  solution  of  eqn.  4.3(c).  The  revised  arrangement  is  shown  in 
Fig.  4.12.  This  indicates  the  scaling  and  the  values  of  the  resistors 
and  capacitors.  The  operational  amplifiers  are  considered  in  turn 
below. 
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For  amplifier  1  the  gain  was  2,  and  is  now  1.  Hence  the  form  of  the 
equation  is  retained  via  the  scaling.  For  a  scale  of 

IV  ~  ro  rad/sec2  (for  &0) 

IV  ~  %  rad/sec  (for  0O) 


Fig.  4.11.  Solution  of  eqn.  4.3(c)  showing  values  of  computing  impedances 

and  scaling 

This  gives  the  same  result  as  an  amplifier  gain  of  2  with  equal  scales 
at  input  and  output. 

In  the  case  of  amplifier  2  the  gain  was  0-5  and  is  now  1.  Hence  the 
form  of  the  equation  is  retained  through  appropriate  scaling.  The 
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scaling  for  at  the  input  is  the  same  as  that  at  the  output  of  amplifier 
1,  i.e.  IV  ~i  rad/sec.  An  effective  gain  of  0-5  is  obtained  if  the 
scaling  at  the  output  is  taken  as  IV  ~  ■£$  rad. 

The  output  at  the  slider  of  the  coefficient  potentiometer  is  —  2£$0 


Fig.  4.12.  Alternative  solution  of  eqn.  4.3(c)  showing  modified  scaling 

as  in  the  previous  case.  The  multiplication  by  2  is  again  provided  in 
the  scaling.  The  input  to  the  potentiometer,  —  2$0,  has  the  same 
scaling  as  the  output  of  operational  amplifier  1,  i.e.  IV  ~  |  rad/sec. 
Hence  at  the  slider  —  2£0O  is  represented  with  the  scaling,  1 V  ~  2  x  | 
rad/sec  or  IV  ~  f  rad/sec. 
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For  unity  gain,  the  scale  at  the  output  to  amplifier  3,  will  be  the 
same  as  at  the  input  IV  ~  f  rad/sec. 

Some  care  is  required  when  considering  the  scaling  at  operational 
amplifier  4.  The  scale  at  the  output  must  correspond  to  that  at  the 
input  to  amplifier  1,  i.e.  IV  ~  -rs  rad/sec2. 

Take  the  2£0 0  channel  first.  The  scale  at  the  input  is  1 V  ~  f  rad/sec. 
Insertion  of  a  potentiometer  P.2  set  at  0-4  where  unity  represents  the 
top  of  the  potentiometer  would  mean  that  0-4  V  at  the  potentiometer 
slider  would  represent  f  rad/sec  if  IV  at  the  top  indicated  £  rad/sec. 
Thus  at  the  potentiometer  slider  IV  ~  1  rad/sec.  If  the  gain  of  the 
channel  was  now  made  equal  to  10,  the  scale  at  the  output  of  amplifier 
4  to  satisfy  eqn.  4.3(c)  would  be  IV  ~  -r0-  rad/sec2  as  desired. 

The  90  channel  is  easier  to  scale.  The  scale  at  the  input  is  IV  ~  -rs 
rad.  The  equation  is  satisfied  with  unity  gain  and  a  scale  at  the  output 
of  IV  ~  -io  rad/sec2  which  is  the  required  value. 

Similarly  a  unit  step,  to  a  scale  of  IV  ~  fo  rad.,  on  the  third 
channel  having  unity  gain,  and  a  scale  at  the  output  of  IV  ~  to  rad/sec2 
satisfies  the  equation. 

A  check  round  the  circuit  of  Fig.  4.12  shows  that  when  the  maxi¬ 
mum  values  of  the  quantities  8a,  80,  60,  and  0;  are  considered,  no 
overload  of  operational  amplifiers  results. 

The  above  methods  used  to  set  problems  on  an  analogue  machine 
prove  satisfactory  in  many  cases.  In  order  to  exploit  a  machine  to 
the  very  best  possible  advantage,  special  systematic  procedures  have 
been  devised.  These  are  discussed  in  the  handbooks  of  the  various 
manufacturers  provided  for  the  guidance  of  the  operators  of  their 
particular  machines.  These  special  techniques  are  also  mentioned  in 
Ref.  4.3. 
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CHAPTER  5 


Practical  d.c.  Amplifiers 


5.1  Introduction 

Chapter  5  gives  a  brief  account  of  some  of  the  features  of  valve  d.c. 
amplifiers  important  for  computing  applications.  The  account  is  of 
necessity  sketchy.  A  fuller  treatment  is  available  in  the  larger  works 
on  analogue  computing.  In  particular  the  reader  is  referred  to  Refs. 

5.1  and  5.2.  The  effects  of  the  departure  of  amplifier  performance 
from  the  ideals  set  out  at  the  beginning  of  Chapter  3  are  considered 
in  some  detail. 

5.2  Amplification  with  triode  and  pentode  valves 

Valve  amplifiers  used  in  analogue  computing  consist  of  a  number  of 
thermionic  triode  or  pentode  valves  connected  to  provide  voltage 
amplification.  The  operation  of  a  simple  amplifying  stage  is  illus¬ 
trated  in  Fig.  5.1.  At  5.1(a)  a  schematic  diagram  of  a  triode  is  shown. 
Thermionic  emission  from  the  cathode  constitutes  a  current  through 
the  valve,  Ia,  conventionally  flowing  from  anode  to  cathode. 

The  negative  voltage  Vg,  applied  to  the  grid  controls  the  anode 
current,  Ia,  as  shown  by  the  family  of  characteristic  curves  of  Fig. 
5.1(b).  An  increase  of  anode  voltage,  Va,  produces  a  corresponding 
increase  of  anode  current,  Ia,  for  a  constant  grid  voltage.  This  relation 
is  seen  more  clearly  in  Fig.  5.1(c)  which  gives  the  family  of  curves 
relating  anode  voltage  and  anode  current  for  various  values  of  grid 
voltage.  Figure  5.2  shows  similar  curves  for  a  typical  pentode.  The 
change  of  shape  in  the  characteristic  curves  of  Fig.  5.2(b)  and  Fig. 
5.2(c)  are  brought  about  by  the  action  of  the  additional  grids  indicated 
in  Fig.  5.2(a). 

The  amplifying  action  of  a  valve  stage  is  illustrated  in  Fig.  5.3 
where  a  small  sinusoidal  signal,  vg,  is  shown  applied  to  the  control 
grid  of  a  triode.  A  steady  current  flowing  through  the  cathode  bias 
resistor  Rb  ensures  that  operation  is  with  respect  to  a  suitable  steady 
value  of  grid  voltage.  The  capacitor  Cb,  in  parallel  with  resistor  Rb, 
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has  a  reactance  which  is  small  at  signal  frequencies  and  effectively 
short-circuits  Rb  to  signals.  If  the  excursion  of  the  grid  signal  about  the 
‘working  point’  does  not  extend  beyond  the  linear  region  of  the 


of  triode 
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grid\ 

catl 


screen 
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increlsindly  / 
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Fig.  5.2.  Pentode  valve,  (a)  Schematic  of  pentode,  (b)  and  (c)  Character¬ 
istics  of  pentode 


characteristic  curve,  a  sinusoidal  variation  in  anode  current,  ia, 
appears.  This  sinusoidal  current  flowing  through  a  resistor,  Ra, 
connected  between  anode  and  H.T.  supply  produces  sinusoidal  varia¬ 
tions  in  the  anode  voltage.  The  sign  reversal  between  grid  voltage  and 
anode  voltage  is  of  importance. 
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The  ‘amplification  factor  fi  \  for  the  valve  is  defined  as 


H  = 


const. 


5.1(a) 


For  a  typical  triode  fx  may  have  a  value  between  20  and  80.  For  a 
pentode  the  value  is  somewhat  larger.  Two  other  ratios  are  important 


when  considering  the  behaviour  of  valve  stages.  The  *  mutual  conduc¬ 
tance  gm'  relates  anode  current  and  grid  voltage  for  constant  anode 
voltage  thus, 

8m 

Typical  values  for  triodes  and  pentodes  might  lie  between  1  mA/V, 
and  10  mA/V.  The  ‘slope  resistance  r„  for  a  valve  is  given  by 

d_Va\ 

dla)  K„  const. 


\dVgJ  Va const. 


5.1(b) 


5.1(c) 
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ra  might  be  of  the  order  of  20  kQ  for  a  triode.  For  a  pentode  ra  might 
lie  between  500  kQ  and  2  MQ.  The  typical  values  quoted  for  [i,  gm, 
and  ra  are  intended  to  serve  as  a  guide.  They  relate  to  linear  regions  of 
the  valve  characteristics.  A  batch  of  valves,  nominally  identical, 
might  exhibit  a  variation  of  ±  20  per  cent  in  the  value  of  the  parameters . 


+H.T 


Fig.  5.4.  Valve  equivalent  circuits,  (a)  Circuit  diagram,  (b)  Constant  voltage 
equivalent  circuit,  (c)  Constant  current  equivalent  circuit 

A  valve  amplifying  stage,  provided  that  it  is  operated  over  its 
linear  regime,  may  be  represented  by  either  a  constant  voltage  or  a 
constant  current  equivalent  circuit.  In  either  case  the  representation 
is  restricted  to  signal  quantities.  The  constant  voltage  equivalent 
circuit  is  used  for  triodes  and  pentodes.  The  constant  current  equi¬ 
valent  circuit  is  normally  used  only  when  considering  pentode  stages 
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since  as  is  seen  from  Fig.  5.2(c)  the  anode  current  is  virtually  constant 
over  a  wide  range  of  operating  conditions. 

Figure  5.4(a)  shows  a  simplified  circuit  diagram  for  a  pentode 
amplifying  stage.  As  with  the  triode  already  considered,  resistor  Rb 
and  capacitor  Cb  constitute  the  bias  circuit  to  ensure  that  the  working 
point  is  such  that  operation  is  linear.  Capacitor  Ci  ensures  that  only 
a.c.  signals  are  impressed  upon  the  grid  from  the  preceding  stage. 
Similarly  capacitor  C2  prevents  d.c.  signals  from  reaching  the  load 
resistor  RL  connected  between  anode  and  earth. 

Figure  5.4(b)  is  the  constant  voltage  equivalent  circuit  for  the 
pentode  stage.  It  would  be  equally  valid  for  a  triode  stage.  Bias 
arrangements  and  coupling  capacitors  are  omitted,  since  all  capacitors 
are  assumed  to  have  negligible  reactance  at  operating  frequencies. 
In  Fig.  5.4(b)  the  sign  reversal  of  the  signal  is  denoted  by  the  use  of 
the  minus  sign  in  the  term  —  \xvg  at  the  voltage  generator.  From  the 
equivalent  circuit, 

lxvgRa 


^out 


ra  +  Ra 


5.2(a) 


If  the  load  resistor  RL  is  included,  then 


^out  =  “ 


Pvg  R 


ra  +  R 


5.2(b) 


where  R  is  the  parallel  combination  of  Ra  and  RL. 

Figure  5.4(c)  shows  the  constant  current  generator  form  of  the 
equivalent  circuit  for  a  pentode  valve  stage.  The  output  voltage  wout 
is  given  by, 

5.3(a) 


^OUt 


gmvgraRa 


ra  +  Ra 


and  if  a  load  resistor  RL  is  included, 


^OUt 


Sm  vg  ra  R 

ra  +  R 


5.3(b) 


where  R  is  the  parallel  combination  of  Ra  and  RL. 

A  number  of  amplifying  stages  of  the  type  shown  in  Fig.  5.4(a) 
may  be  connected  in  tandem  to  increase  the  overall  gain  of  a  complete 
amplifier.  The  essential  features  of  such  an  amplifier  are  shown  in 
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Fig.  5.5.  V\,  V2,  and  V3  are  triode  valves  providing  voltage  gain. 
Interstage  resistance— capacitance  coupling  is  provided  by  the  capaci¬ 
tors  C2  and  resistors  Rg.  A  phase-shift  of  180°  occurs  in  each  stage. 
The  final  stage  is  a  ‘cathode-follower’.  The  anode  V4  is  connected 
directly  to  the  positive  H.T.  supply.  The  output  is  taken  across  a 
resistor  Rk  connected  between  cathode  and  earth.  The  voltage 


Positive  H.T. 


Fig.  5.5.  Essential  features  of  multi-stage  amplifier 


equivalent  circuit  of  such  a  stage  is  shown  in  Fig.  5.6.  Analysis  of  the 
circuit  yields  the  following  important  results. 

(i)  The  input  impedance!  Zin  is  very  large. 

(ii)  The  output  impedance!  Zout  has  a  low  value.  Zout  is  given  by 
the  following  approximate  relation 

Zout~— Q  5.4 

Sm 

This  impedance  is  shunted  by  the  cathode  resistor  Rk. 

!  Input  impedance  and  output  impedance.  Any  active  linear  two-terminal 
network  may  be  replaced  by  an  equivalent  circuit  consisting  of  a  voltage 
generator  in  series  with  an  impedance  (Th  even  in's  Theorem).  This  impe¬ 
dance  may  be  regarded  as  the  input  impedance  ZIn  when  considering  the 
input  terminals  of  a  network,  or  as  the  output  impedance  Zou  when 
considering  the  output  terminals. 


PRACTICAL  D.C.  AMPLIFIERS 


69 


(iii)  The  cathode-follower  stage  has  approximately  unity  gain 
without  phase  reversal. 

(iv)  As  a  result  of  (i),  (ii)  and  (iii)  above,  the  cathode-follower 
provides  current  gain  rather  than  voltage  gain. 

(v)  The  cathode  resistor  Rk  provides  a  large  amount  of  negative 
feedback  with  the  result  that  changes  in  cathode  potential 
follow  changes  in  grid  potential  very  closely.  (Hence  the 
name  ‘cathode  follower’). 

A  cathode-follower  stage  is  frequently  employed  as  the  final  stage 


Fig.  5.6.  Voltage  equivalent  circuit 
of  cathode  follower 

of  a  multi-stage  amplifier.  It  is  capable  of  delivering  currents  of  the 
order  of  tens  of  milliamps  from  its  low  output  impedance. 

In  the  brief  treatment  above,  the  amplifying  action  of  valve  stages 
was  considered  in  terms  of  a.c.  signals  for  convenience.  The  reader  is 
referred  to  any  of  the  well-known  texts  on  elementary  electronics. 
Ref.  5.3  or  5.4,  for  example,  for  a  fuller  treatment. 

As  was  pointed  out  in  Chapter  3,  however,  amplifiers  used  for 
computing  purposes  must  be  capable  of  amplifying  signals  down  to 
zero  frequency,  i.e.  the  amplifier  must  be  capable  of  passing  d.c. 
signals.  This  implies  direct  coupling  between  stages.  Hence  the 
term  direct-coupled,  or  d.c.,  amplifier.  Methods  of  attaining 
interstage  coupling  for  d.c.  signals  are  considered  in  the  next 
section. 
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5.3  Features  special  to  d.c.  amplifiers 

In  the  amplifier  shown  in  Fig.  5.5  the  capacitors  Cj  isolate  the  d.c. 
components  of  the  anode  voltages  from  the  grids  of  the  succeeding 
valves.  Thus  so  far  as  a.c.  signals  are  concerned  the  grids  of  each  valve 


+H.T. 


Fig.  5.7.  Essential  features  of  multi-stage  d.c.  amplifier 


are  at  zero  potential  and  the  output  is  zero  for  zero  input.  For  the 
direct-coupled  amplifier  however,  the  capacitors  cannot  be  used.  If 
the  capacitors  were  merely  omitted  from  the  circuit  the  steady  d.c. 
anode  potential  of  one  valve  would  appear  at  the  grid  of  the  next  valve 
with  the  result  that  for  satisfactory  operation  the  valves  would  have 
to  operate  at  successively  higher  electrode  potentials.  The  output 
would  have  a  large  positive  value  even  in  the  absence  of  an  input 
signal. 
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To  overcome  these  difficulties,  interstage  coupling  is  achieved 
through  resistor  chains  such  as  those  of  Fig.  5.7  where  a  d.c.  amplifier 
consisting  of  three  amplifying  stages  with  cathode-follower  output  is 
shown.  The  values  of  resistors  are  chosen  such  that  under  quiescent 
conditions,  the  potential  at  the  output  is  approximately  zero  for  zero 
input  voltage.  Both  positive  and  negative  signals  may  be  handled. 
Such  an  arrangement  necessitates  a  negative  H.T.  supply.  The  use 
of  the  resistor  chains  involves  a  loss  of  gain/stage  compared  with  the 
corresponding  a.c.  amplifier.  If  the  resistors  of  a  chain  from  anode 
to  the  negative  H.T.  rail  were  equal,  for  example,  then  for  a  10  mV 
swing  at  the  anode  say,  only  5  mV  would  appear  at  the  grid  of  the 
next  stage.  In  the  simple  circuit  shown,  resistor  R  may  be  adjusted  to 
ensure  that  the  output  is  initially  zero  when  the  input  voltage  is  zero. 
This  is  the  process  known  as  ‘zero  setting’,  (‘Z.S.’),  discussed  in 
Chapter  4.  In  more  elaborate  amplifiers,  zero  setting  is  achieved 
rather  differently. 

In  any  event,  however  carefully  the  zero  setting  is  performed,  the 
output  cannot  be  expected  to  remain  zero  indefinitely  even  though 
the  input  is  at  zero  potential  or  is  earthed.  This  output  ‘drift’  is  one 
of  the  principal  problems  associated  with  d.c.  amplifiers.  It  may  arise 
in  one  or  more  of  the  ways  described  in  the  next  section. 

5.4  Drift  in  d.c.  amplifiers 

(i)  Drift  due  to  variation  of  H.T.  supply  voltages.  With  an  a.c.  ampli¬ 
fier,  small  changes  in  H.T.  potentials  are  unimportant.  Changes  in 
H.T.  potential  are  important  for  d.c.  amplifiers  however.  Consider 
the  simple  d.c.  amplifier  shown  in  Fig.  5.7  for  example.  A  change  in 
positive  H.T.  potential  will  result  in  a  shift  in  anode  potential  of  the 
first  valve  which  will  be  transmitted  via  the  potential  chain  to  the  grid 
of  the  next  valve  as  a  drift  signal.  Since  this  signal  will  be  amplified 
in  the  second  and  third  stages,  drift  at  the  first  stage  of  an  amplifier 
is  more  serious  than  that  which  occurs  in  subsequent  stages.  A  change 
in  negative  H.T.  potential  will  affect  the  three  stages  in  a  similar 
manner  though,  as  before,  drift  at  the  first  stage  will  be  the  most 
serious.  Since  the  first  stage  of  a  d.c.  amplifier  is  all  important,  special 
designs  intended  to  minimize  drift  are  frequently  employed.  These 
will  be  considered  later. 


72 


ELECTRONIC  ANALOGUE  COMPUTERS 


In  any  event  drift  due  to  variation  of  H.T.  supply  voltages  is  mini¬ 
mized  by  the  use  of  stabilized  power  supplies.  Highly  stabilized  power 
supplies  are  readily  available.  The  figures  below  are  typical  of  a  power 
supply  of  moderate  performance. 


Current  range  0-1 A 

Voltage  range  250-300  V 

Output  impedance  at  d.c.  0-2Q 

Output  impedance  up  to  100  kc/s  0  •  5  Q 

Stability  factor  for  mains  variation  up  to  ±  10  per  cent  200:1 
Ripple  and  noise  at  output  500  mV. 


A  power  supply  with  the  above  performance  would  be  widely  used  in 
computing  applications  for  all  but  the  moxt  exacting  requirements. 
The  good  stability  makes  the  output  voltage  insensitive  to  a.c.  mains 
variations.  The  low  output  impedance  provides  good  regulation. 
In  addition  the  low  output  impedance  ensures  that  coupling  between 
the  various  stages  of  individual  amplifiers  and  the  computing  elements 
of  a  complete  machine,  through  the  common  power  supply,  is  reduced 
to  an  absolute  minimum. 

Sometimes  a  power  supply  of  even  better  performance  is  necessary. 
Such  a  power  supply  may  be  used  to  provide  reference  voltages  of  the 
order  of  ±  100V  for  such  purposes  as  the  initial  conditions  to  be 
applied  at  integrators.  For  such  applications  it  is  frequently  important 
to  be  able  to  set  the  positive  and  negative  voltages  equal  and  opposite 
as  precisely  as  possible.  Alternatively  a  power  supply  of  the  highest 
performance  may  be  required  for  a  computer  when  extreme  accuracy 
of  computation  is  needed.  Typical  figures  for  such  a  power  supply  are 
given  below. 

Current  range  0-200  mA 

Voltage  output  ±100  V  within  0T  per  cent  long  term 

(comparison  against  a  Weston  Standard 
Cell).  Positive  and  negative  voltages  equal 
and  opposite  to  within  5  mV  long  term 

Stability  factor  4000 : 1 

d.c.  output  impedance  0-005 Q 
Ripple  and  noise  less  than  0-01  per  cent. 

Stabilized  power  supplied  are  discussed  at  length  in  Ref.  5.5. 
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(ii)  Drift  due  to  changes  in  heater  voltage .  The  effect  of  a  change  in 
heater  voltage  is  to  alter  the  cathode  temperature  and  hence  the 
initial  velocity  with  which  electrons  are  emitted  from  the  cathode. 
(The  subject  of  thermionic  emission  is  discussed  very  fully  in  texts 
dealing  with  the  physics  of  thermionic  emission,  for  example,  Ref. 
5.6).  As  a  result  the  grid  potential  required  for  a  constant  anode 
current  will  change.  The  effect  of  the  change  of  heater  voltage  may 
therefore  be  expressed  in  terms  of  the  amount  by  which  the  cathode 
voltage  must  be  changed  with  respect  to  the  grid  voltage  in  order  that 
the  anode  current  remains  constant.  A  figure  of  0-2  V  for  a  20  per  cent 
change  of  heater  voltage  is  quoted  by  the  author  of  Ref.  5.7.  This 
implies  that  a  change  of  20  per  cent  in  heater  voltage  will  have  the  same 
effect  as  a  signal  of  0*2  V  applied  to  the  grid  of  a  valve  stage.  This  will 
be  particularly  important  at  the  first  stage  of  an  amplifier. 

The  techniques  to  be  discussed  in  connection  with  Section  (i)  above 
offer  some  compensation  against  the  effects  of  change  in  heater 
voltage.  In  addition  some  degree  of  stabilization  of  heater  voltage 
may  be  considered  desirable.  Since  heater  supplies  are  usually  a.c., 
a  ‘constant  voltage’  transformer  can  be  connected  between  the  a.c. 
mains  supply  and  the  heater  transformer.  In  this  way  a  substantial 
improvement  in  the  stability  of  the  heater  voltage  can  be  attained. 
With  earlier  types  the  waveform  would  be  far  from  sinusoidal. 
Constant  voltage  transformers  which  provide  a  sinusoidal  output  are 
now  available.  Typical  performance  figures  for  small  transformers  of 
this  type  are  given  below. 


Rating 

Stability  factor 

Output  impedance 
Harmonic  distortion 


1000  VA 

400:1  for  input  variations  of  ±  10  per  cent 

at  full  load 

150 

less  than  3  per  cent  on  full  load 
less  than  5  per  cent  on  no  load 


(iii)  Drift  due  to  changes  in  resistance  values.  Changes  in  the  resistance 
values  of  the  resistors  in  a  d.c.  amplifier  can  produce  drift  signals. 
Small  changes  in  the  values  of  the  resistors  of  the  interstage  chain  of 
Fig.  5.7,  for  example,  will  result  in  spurious  voltages  at  the  grids  of 
subsequent  stages.  These  effects  may  be  minimized  by  the  use  of 
6 
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high-stability  resistors  operated  well  within  their  wattage  rating  to 
minimize  resistance  changes  due  to  heating. 

Great  care  should  be  taken  to  keep  the  temperature  of  the  comput¬ 
ing  amplifiers  as  low  as  possible  and  to  avoid  local  overheating  due 
to  poor  mechanical  design.  The  same  applies  to  the  complete  machine. 
While  adequate  ventilation  and  temperature  control  of  the  computing 
room  is  desirable,  and  indeed  essential  for  accurate  work,  Shaw 
(Ref.  5.8)  has  shown  that  much  can  be  achieved  by  careful  attention 
to  the  design  of  amplifier  chasses,  panel  layouts,  and  cabinets. 

(iv)  Drift  due  to  changes  in  valve  characteristics.  The  performance  of 
valves  varies  with  time.  The  values  of  /Li,  ra,  and  gm  change.  Cathode 
emission  falls  off  comparatively  rapidly  during  the  first  few  hundred 
hours  operation,  and  then  more  slowly.  This  produces  results  similar 
to  those  caused  by  heater  voltage  variations.  Occasionally  even 
complete  failure  may  occur  during  initial  operation.  After  this  initial 
period  performance  settles  down. 

Valves  may  be  ‘aged’  by  running  them  under  conditions  similar  to 
operating  conditions  for  some  hundreds  of  hours  before  use  in  the 
computer.  On  occasion  such  a  procedure  may  be  deemed  desirable, 
especially  in  a  large  installation.  Considerable  work  on  the  perform¬ 
ance  of  valves  in  continuous  use  has  been  done,  see,  for  example, 
Ref.  5.9. 

(v)  Drift  due  to  grid  current.  In  the  preliminary  statement  of  criteria 
for  a  successful  computing  amplifier,  negligible  grid  current  was 
assumed.  In  practice  small  grid  currents  are  present  even  when  a 
valve  is  operated  in  normal  fashion  with  negative  grid  bias  (Ref.  5.7 
and  5.10).  This  grid  current  comprises  two  components. 

(a)  Negative  grid  current.  Positive  ions  which  are  produced  as  a 
result  of  the  ionization  of  residual  gases  in  the  valve  are  attracted  to 
the  negative  grid.  This  flow  constitutes  a  conventional  current 
flowing  out  at  the  grid  terminal. 

( b )  Positive  grid  current.  This  occurs  due  to  the  arrival  at  the  grid 
wires  of  thermal  electrons  which  are  sufficiently  energetic  to  over¬ 
come  the  negative  potential  gradient. 

For  a  particular  value  of  negative  grid  potential  the  two  compo¬ 
nents  of  grid  current  are  equal  and  opposite.  For  other  values  the 
current  will  be  either  positive  or  negative.  Typical  grid  current  values 
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with  valves  used  in  computers  will  be  of  the  order  of  1 0  "  9  to  1 0  ~ 11  A . 
Such  grid  currents  provide  a  further  source  of  drift  voltage  particularly 
serious  in  integrators. 

Consider  the  diagram  shown  in  Fig.  5.8.  The  input  resistor  Rt  is 
earthed  at  the  end  remote  from  the  grid  of  the  first  stage  of  the 
computing  amplifier.  This  ensures  zero  input  signal  vt. 

Suppose  that  a  grid  current  ig  flows  out  of  the  first  stage,  and  as  a 
result  the  potential  of  the  grid  changes  by  8vg  from  the  zero  potential 


Fig.  5.8.  Drift  due  to  grid  current 


of  the  virtual  earth  condition.  Currents  i\  and  i2  flow  in  the  input 
resistor  Rt  and  the  feedback  resistor  Rf  respectively.  Now 


h 


Svg 

Rt 


and 


h  = 


SVg-Vo 

Rf 


where  v0  is  the  output  voltage  resulting  from  the  grid  current.  Also 

8v„(l+M) 

va  =  8vg(—M)  hence  i2  =  -  - 


Comparison  of  ix  and  i2  shows  that  for  normal  values  of  Rt  and  Rf, 
ig  ~  i2.  Hence  the  grid  current  may  be  considered  as  flowing  almost 
entirely  into  Rf  to  produce  the  output  drift  voltage  vQ  ~  igRf.  The 
process  of  ‘zero  setting’  will  reduce  this  to  zero.  Unfortunately  the 
value  of  grid  current  will  not  remain  constant,  but  will  change 
during  valve  operation.  Sometimes  it  may  be  possible  to  choose  a 
valve  with  low  grid  current  for  the  first  stage  of  an  amplifier.  Alter¬ 
natively  operation  with  low  anode  voltage  reduces  grid  current. 


76 


ELECTRONIC  ANALOGUE  COMPUTERS 


Importance  of  first  stage.  The  importance  of  the  first  stage  as  a 
source  of  drift  has  already  been  mentioned.  It  is  useful  to  consider 
the  analysis  of  a  multistage  amplifier  with  feedback  to  emphasize  the 
need  to  reduce  drift  in  input  stages  to  the  absolute  minimum. 

Consider  the  three-stage  amplifier  shown  in  Fig.  5.9.  v  is  the  input 
voltage  and  v0  the  output  voltage,  a  fraction  of  which,  /3,  is  fed  back 


Fig.  5.9.  Block  diagram  of  multi-stage  amplifier  with  drift  voltages 

e*i  and  eg 


to  the  input  of  the  first  stage.  j8  is  frequently  called  the  ‘feedback 
ratio  The  gains  of  the  individual  stages  are  ax ,  a2,  and  a3  respectively, 
where  au  a2,  and  a3  are  negative  quantities.  The  overall  gain  is  the 
product  ax  a2  a3.  At  the  grids  of  the  three  stages  drift  voltages  eu  e2, 
and  <?3  appear  due  to  the  effects  discussed  in  the  earlier  part  of  the 
section. 

The  output  voltage,  vQ,  is  given  by, 

v0  =  v(ala2a3)  +  el(aia2a3)  +  e2(a2a3)  +  fi{v0(aia2a3)} 
Rearrangement  gives, 

v(ala2a3)  +  ei{aia2a3)  +  e2{a2a3)  +  e3a3 

v0  = - : — o -  5.5 

1  —  pa3  ct2a3 

Consider  the  case  where  the  output  is  not  zero  due  to  the  presence 
of  the  drift  voltages  et,  e2,  and  e3.  Regard  the  input  voltage  v  as  a 


PRACTICAL  D.C.  AMPLIFIERS 


77 


voltage  applied  at  the  first  stage  with  the  object  of  restoring  the  output 
voltage,  v0,  to  zero.  Then  v0  will  be  zero  if  the  numerator  of  eqn.  5.5 
is  set  equal  to  zero,  i.e.  if. 


v(a1a2a2)  =  -{ex(aia2a-i)  +  ei(a2  o3)  +  e3  a  3 } 

f  1  1  \ 

or  v  =  -{et-\ — e2-\ - .e2}  5.6 

l  «i  «i«2  J 

This  voltage  v  required  at  the  input  grid  of  an  amplifier  to  restore 
the  output  voltage  to  zero  in  the  presence  of  drift,  is  equal  in  magni¬ 
tude  and  opposite  in  sign  to  the  ‘drift  voltage  referred  to  input’.  The 
performance  of  a  computing  amplifier  with  regard  to  drift  is  usually 
discussed  in  terms  of  this  quantity. 

Consideration  of  eqn.  5.6  in  the  light  of  some  typical  values  is  of 
considerable  interest.  Suppose  a\  —  a2  —  a2  =  —  20,  and 


Then 


ei  =  e2  —  e3  —  10  mV 

l_  _1_ 

20  +  202 


1  — —  H — 10x10  3  volts 


This  clearly  shows  that  the  value  of  the  drift  referred  to  input 
depends  almost  entirely  on  the  drift  in  the  first  stage.  The  design  of 
input  stages  with  a  view  to  minimizing  drift  will  be  considered  in  the 
next  section. 

Consider  next  the  computing  amplifier  shown  in  Fig.  5.10(a)  with 
input  resistor  A’,-  and  feedback  resistor  R/  having  the  input  resistor 
earthed.  Suppose  that  the  output  drift  is  considered  to  be  due  to 
drift,  eu  in  the  input  stage  only.  The  diagram  has  been  rearranged  in 
Fig.  5.10(b)  to  show  that  under  these  circumstances  the  feedback  ratio 
[3  is  given  by, 

B=  *i 
P  Ri+Rf 

For  such  an  amplifier  the  output  voltage  vQ  is  given  by. 


5.7 


vQ  =  ex{—M)+fiv0{—M) 


5.8 
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where  (—  M)  is  the  open-loop  gain.  The  relation  can  be  rewritten  thus. 


vn  = 


ex(-M) 


1- 


Ri 


Ri  +  Rj- 


(-M) 


5.9 


Consider  the  typical  case  of  an  amplifier  of  moderate  performance 
with  Rt=  Rf,  and  M—  10,000.  Then  v0  ~  2ex  represents  an  excellent 


Rf 


Fig.  5.10.  Two  aspects  of  a  computing  amplifier 


approximation.  For  a  typical  value  of  output  drift  voltage  v„  =  25  mV, 
the  drift  referred  to  input,  eh  would  be  12-5  mV. 

Evaluation  of  drift  in  a  computing  amplifier  under  test  sometimes 
involves  the  measurement  of  inconveniently  small  voltages.  The  above 
example  serves  to  illustrate  one  possible  technique  which  minimizes 
the  difficulty.  The  computing  amplifier  is  set  up  with  a  ratio  of  feed¬ 
back  to  input  resistor  of  say. 
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Then  the  feedback  ratio,  /?,  is  given  by, 

jS  =  —0—  =  — 

H  Ri+Rf  10 

Equation  5.9  yields  ex  =  0*1  vQ.  Thus  the  drift  referred  to  input  is  one 
tenth  that  measured  on  a  voltmeter  at  the  output  of  the  amplifier. 
For  the  example  above,  the  quantity  to  be  measured  would  become 
125  mV. 

Drift  has  a  serious  effect  on  the  performance  of  integrators.  Usually 
a  drift  voltage  has  a  bias  towards  either  negative  or  positive  values. 
In  such  cases  the  operational  amplifier  will  integrate  the  drift  voltage 
with  respect  to  time.  The  continual  increase  in  output  voltage  due  to 
this  cause  sets  a  limit  to  the  total  computing  time.  Observation  of  the 
output  of  an  operational  amplifier  connected  as  an  integrator,  and 
having  the  input  resistor  earthed,  is  an  excellent  guide  to  drift  per¬ 
formance. 

5.5  Input  stages  for  d.c.  amplifiers 

It  was  shown  in  the  last  section  that  to  minimize  the  drift  at  the  input 
stage  of  a  d.c.  amplifier  was  most  important.  Various  circuits  have 
been  devised  to  this  end  and  are  described  in  the  literature  (Ref.  5.7 
and  5.10).  Circuits  based  on  the  ‘long-tail  pair’  arrangement  are 
frequently  used  for  this  purpose.  The  elements  of  such  a  circuit  are 
shown  in  Fig.  5.11.  The  behaviour  is  described  qualitatively  below. 

V\  and  V2  may  be  the  halves  of  a  double  triode.  Alternatively  they 
may  be  a  pair  of  matched  valves.  The  common  cathode  connection 
is  taken  through  a  large  resistance  R k  to  the  negative  H.T.  rail.  Let  Vk 
be  the  volt-drop  across  the  cathode  resistor  in  the  absence  of  input 
signals  to  either  grid.  The  current,  lk,  through  Rf  will  be  given  by. 


Three  methods  of  operation  are  possible  depending  on  the  manner 
in  which  signals  are  applied  to  the  grids  of  the  valves. 

(i)  Common-anode  operation:  vt  =  v2  =  v  volts.  Because  of  the  heavy 
negative  feedback  provided  by  the  cathode-follower  action  due  to 
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the  presence  of  resistor  Rk,  the  cathode  potential  will  be  near  the  grid 
potentials.  Now  suppose  that  small  positive  signal  voltages  Vi  and  v2 
of  equal  magnitude  v  volts  are  applied  to  the  grids.  The  cathode 
voltage  will  rise  by  about  v  volts.  Since  v  <4  Vk,  the  new  value  of  the 
volt-drop  across  the  cathode  resistor,  Vk  say,  will  not  be  very  different 
from  Vk.  Hence  the  modified  value  of  the  cathode  current  Ik,  will 
not  be  significantly  different  from  Ik.  Indeed  the  cathode  current 


+H.T 


may  be  regarded  as  a  constant.  Suppose,  for  example,  that  due  to 
signals  Vi  and  v2  the  cathode  potential  has  shifted  through  1  -0  V. 
Then  for  typical  values,  Rk  =  3  3  kQ  and  Vk  =  200  V, 

Vk  200 

4  =  —  =  — r-  mA  =  6-06  mA 

J\k  jj 

.  Vk  201  A 

and  Ik  =  —  =  — —  mA  =  6-10  mA 

Ufa  33 

Since  the  cathode  current  is  a  constant,  the  anode  currents  are 
constant.  An  output  appears  at  neither  anode.  Even  more  accurately 
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the  difference  between  the  anode  voltages  is  also  zero.  The  differential 
output  between  the  anodes  is  also  zero. 

(ii)  Push-pull  operation:  vx  =  v  volts,  v2  =  —  v  volts.  When  equal  and 
opposite  signals  are  applied  to  the  grids,  the  anode  current  of  one 
valve  increases,  and  that  of  the  other  decreases  by  an  equal  amount. 
The  cathode  potential  is  unchanged.  Under  these  conditions  negative 
feedback  no  longer  applies.  Each  valve  amplifies  separately.  The  gain 
of  each  is  given  by  eqn.  5.2  for  triode  valves  or  eqn.  5.3  for  pentodes. 
The  potential  at  the  anode  of  Vu  falls  by  8  Va  and  that  at  V2  rises  by 
8  Va.  Again  a  matched  pair  is  assumed. 

(iii)  Single-ended  operation:  v\  =  v  volts,  v2  =  0  volts.  The  behaviour 
of  a  matched  pair  in  this  case  is  best  discussed  in  two  sections.  First 
take  +  lv  volts  applied  to  both  Vx  and  V2.  As  was  seen  in  Section  (i) 
above  this  has  negligible  effect.  Next  apply  +  to  valve  V\  and  —  \v 
to  valve  V2.  Signals  —  £8  Va  and  +  \8Va  appear  as  described  in 
Section  (ii).  The  overall  effect  is  that  which  would  occur  if  v  volts 
were  applied  to  Vx  only.  The  difference,  or  push-pull,  output  which 
appears  across  the  two  anodes  is 


This  push-pull  output  is  equal  to  the  gain  of  a  normal  single  stage. 

The  analysis  of  the  long-tail  pair  circuit  is  discussed  in  detail  in 
Ref.  5.10. 

The  value  of  the  long-tail  pair  circuit  is  apparent  when  the  above 
cases  are  considered.  Take  first  the  common-mode  operation  of 
Section  (i).  Any  drift  common  to  both  valves  will  be  equivalent  to 
signals  of  the  common-mode  type.  Drift  due  to  variation  of  H.T. 
supply  voltage  is  largely  of  this  type  (5.4  (i)).  So  too  is  drift  due  to 
changes  inheater  voltage  (5.4. (ii)).  Improvement  in  drift  performance 
is  especially  marked  if  the  valves  are  matched.  Drift  due  to  changes  in 
valve  characteristics  (5.4.  (iv))  is  also  reduced  by  the  use  of  the  long-tail 
pair  circuit. 

The  long-tail  pair  circuit  may  be  used  as  an  input  stage  in  one  of 
two  ways. 

(a)  Single-ended  operation.  In  this  case  the  input  signal  is  applied 
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to  one  grid,  the  other  is  either  earthed,  or  connected  to  a  potential- 
divider  chain  suitable  for  Z.S.  adjustment.  Output  voltages  are  taken 
at  the  anodes  of  the  valves.  The  differential  output  is  about  equal  to 
that  of  a  normal  single  stage.  Such  a  circuit  for  pentode  valves  is 
shown  in  Fig.  5.12. 

( b )  Push-pull  operation.  In  some  cases  drift  is  minimized  by  the  use 
of  an  auxiliary  amplifier  which  precedes  the  main  amplifier.  This 


subject  will  be  dealt  with  in  a  later  section.  When  such  an  amplifier  is 
used,  it  may  be  convenient  to  apply  the  input  signal  to  one  grid,  and  a 
signal  which  has  passed  through  the  auxiliary  amplifier  to  the  other. 
This  is  push-pull  operation.  Such  a  circuit  is  shown  in  Fig.  5.13.  The 
potentiometer  R  is  adjusted  initially  to  ensure  zero  output  in  the 
absence  of  signal  input. 

In  some  cases  the  outputs  of  the  long-tail  pair  circuits  discussed 
above  are  taken  to  a  second  push-pull  stage,  before  further  ampli¬ 
fication.  A  cathode-follower  output  stage  would  probably  be  added 
for  the  reasons  mentioned  in  Section  5.2. 

Alternatively  the  output  at  only  one  anode  of  the  long-tail  pair 
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might  be  used,  and  the  remainder  of  the  amplifier  consist  of  single 
valve  stages,  with  a  final  cathode-follower  stage. 

The  question  of  overall  gain  is  an  important  one.  High  gain,  open 
loop,  is  desirable  for  most  computing  amplifier  applications.  Unfor¬ 
tunately  the  attainment  of  high  gain  poses  serious  stability  problems. 
Without  considerable  care  in  the  amplifier  design,  positive  feedback 
with  sustained  oscillations  in  the  absence  of  signals  will  occur.  For 


this  reason  d.c.  amplifiers  of  the  type  discussed  above  will  normally 
have  no  more  than  three,  or  possibly  five,  stages  of  gain. 

A  discussion  of  amplifier  design  with  reference  to  stability  is 
beyond  the  scope  of  this  book.  The  reader  is  referred  to  the  texts  on 
feedback  amplifier  design  (Refs.  5.1 1  and  5.12). 

5.6  Use  of  an  auxiliary  amplifier  to  obviate  drift 
Although  circuits  of  the  long-tail  pair  type  result  in  enhanced  drift 
performance  some  drift  remains.  Periodic  balancing  of  the  amplifier 
is  still  necessary.  The  need  for  computing  amplifiers  which  could  be 
considered  virtually  drift-free  led  to  more  sophisticated  designs  in 
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which  an  additional  auxiliary  amplifier  is  used  in  association  with  a 
d.c.  amplifier  of  the  type  described  above.  Such  methods  are  consider¬ 
ed  in  Refs.  5.13  and  5.14  among  others.  Although  the  technique  is 
often  described  as  ‘drift  correction’,  and  the  overall  amplifier  as  a 
‘drift-corrected’  amplifier,  the  analysis  below  indicates  that  these 
terms  may  be  rather  misleading.  The  term  ‘chopper-stabilization’ 
also  is  used  on  occasion.  The  reason  for  this  will  become  apparent 
later  in  the  section.  With  such  drift-corrected  amplifiers  continuous 
operation  over  a  period  of  hours,  or  even  days,  is  frequently  possible. 

The  importance  of  drift  at  the  first  stage  of  a  computing  amplifier 
was  emphasized  in  the  analysis  of  Section  5.4.  Consider  now  the 


Fig.  5.14.  Use  of  auxiliary  amplifier 


effect  of  an  additional  amplifier  of  gain  A  added  to  the  front  end  of 
the  main  amplifier.  Figure  5.14  shows  the  circuit.  As  before  v  is  the 
input  voltage  and  v0  the  output  voltage,  a  fraction  of  which,  ft,  is  fed 
back  to  the  input  of  the  first  stage.  Drift  signals  e',ex,  e2,  and  e3  appear 
at  the  input  to  the  stages.  The  output  voltage  vQ  is  given  by, 

vQ  =  v(Aata2a3)  +  e'(Aa1a2a3)  +  e1  (ala2a3)  + 

e2{a2  a3)  +  e3(a3) +ft{v0(Aai  a2  c3)} 

Rearrangement  yields, 

_  v(Aa i  «2 «3)  +  e'(Aax  a2  a3)  +  e{(ax  a2 a3)  +  e2(a2 a3)  +  e3(a3) 

1  —  fiAai  o2a3 

5.10 

Take  the  case  where  the  output,  va  is  not  zero  due  to  the  drift 
voltages  e\  et,e2, and  e3.  Consider  that  the  input  voltages  v  is  applied 
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at  the  first  stage  with  the  object  of  restoring  the  output  voltage,  v0,  to 
zero.  vQ  will  be  zero  if  the  numerator  of  eqn.  5.10  is  set  equal  to  zero, 
i.e.  if, 


v  = 


e\  e2  e3  \ 

+  A+A+A~~  I 
A  Ad[  Aaxa2 ) 


5.11 


As  before  v  is  equal  in  magnitude,  and  opposite  in  sign,  to  the  drift 
voltage  with  respect  to  input.  Equation  5.1 1  shows  that  the  principal 
contribution  to  drift  arises  from  the  drift  voltage,  e\  just  as  previously 
eqn.  5.6  indicated  that  the  voltage  ex  was  the  main  contribution.  Thus 
for  the  previous  case,  with  zero  input  voltage  v,  approximation  of 
eqn.  5.5  yields, 

Cl\  0,2  Cl^  n 

vQ  ~  - — - .e,  but£a,a2«3  >  1 

1  —  paxa2a2 


hence 


v0 


-axa2a3 

~5 - • ei 

paxa2a3 


5.12 


Now  consider  what  happens  when  the  additional  amplifier  is 
inserted,  and  the  input  voltage  is  again  assumed  to  be  zero.  Taking 
the  first  two  terms,  an  approximation  of  eqn.  5.10  gives. 


v0 


hence 


e,{Aaia2aj)  +  ex(flxazad 
l—^Aax^a-i 


but  $Aax  a2a2  >  1 


\e  ,  <?i 

Vn  -  “  7T  + 


fi  PA 


5.12(a) 


Now  suppose  that  a  convenient  method  existed  by  which  the  drift 
voltage,  e',  could  be  made  very  small.  If  the  gain  A  had  a  value  of 
say  500,  then  the  output  voltage,  vot  due  to  drift  would  be  simply, 


5.12(b) 


The  drift  performance  would  thus  be  improved  by  a  factor  of  A 
times. 

Drift  in  the  auxiliary  amplifier  is  avoided  by  arranging  that  it  is  a.c. 
coupled.  The  small  d.c.  or  low  frequency  input  signal  is  converted  to 
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an  a.c.  signal  by  the  action  of  a  mechanical  modulator  which  provides 
at  the  input  of  the  auxiliary  amplifier  a  rectangular  wave,  the  ampli¬ 
tude  of  which  is  proportional  to  the  d.c.  signal  applied.  Phase  sensitive 
demodulation  follows  amplification  in  the  a.c.  amplifier.  In  practice 
a  single  electromechanical  relay  is  used  to  perform  both  functions. 
It  is  vibrated  by  the  application  of  an  alternating  current  of  convenient 
frequency.  Typical  operating  frequencies  range  from  50  c/s  to  400  c/s. 

A  block  diagram  showing  the  relay  operation  is  given  in  Fig.  5.15. 
A  resistor  Ra  is  connected  between  the  summing  point  and  the  input 
to  the  auxiliary  amplifier.  With  the  relay  as  shown  in  position  1  the 


Fig.  5.15.  Relay  used  for  modulation  and  demodulation 

input  to  the  auxiliary  amplifier  is  earthed.  No  signal  appears  at  the 
grid  of  the  first  stage.  At  the  same  time  a  signal  can  be  taken  from  the 
output.  When  the  relay  moves  to  position  2  a  potential  similar  to  that 
at  the  summing  point  appears  at  the  grid  and  the  output  is  clamped 
to  earth  potential.  The  diagrams  of  Fig.  5.16  illustrate  the  operation 
of  the  auxiliary  amplifier  under  the  action  of  the  relay.  The  waveform 
at  the  summing  point  is  shown  at  (a).  The  position  of  the  relay  contact 
during  equal  time  intervals  is  shown  at  ( b ).  The  chopped  waveform 
at  the  input  to  the  auxiliary  amplifier  which  results  from  the  action 
of  the  relay  is  given  at  (c).  Amplification  of  the  a.c.  component  shown 
at  (d),  follows.  The  amplified  wave  is  shown  at  (e).  The  waveform 
which  results  from  the  action  of  the  chopper  on  the  output  signal  is 
shown  at  (/).  It  will  be  noticed  that  due  to  the  action  of  the  chopper 
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relay  this  output  waveform  is  of  the  opposite  sign  to  the  input  wave. 
As  will  be  seen  later  in  the  section,  this  sign  reversal  is  often  conve¬ 
nient  in  practical  designs  where  auxiliary  amplifiers  are  employed.  In 
any  event  there  must  be  a  sign  reversal  in  the  amplifier  considered  as  a 
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Fig.  5.16.  Wave  forms  at  chopper 


whole.  The  above  waveforms  are  shown  in  an  idealized  way.  In 
practice  they  will  be  far  from  rectangular  due  to  the  effects  of  attenua- 
tion  of  the  higher  frequency  components  in  the  amplifier,  switching 
transients,  contact  bounce,  relay  noise,  etc. 

In  early  designs  relay  performance  proved  a  serious  limitation  to 
the  use  of  auxiliary  amplifiers.  The  life  of  such  relays  was  restricted  to 
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some  hundreds  of  hours.  With  more  recent  relays  performance  has 
been  improved  and  life  considerably  extended. 

The  output  wave  is  smoothed  using  a  suitable  filter  circuit.  It  is  the 
attenuation  characteristic  of  the  filter  circuit  which  is  chiefly  respon¬ 
sible  for  the  restricted  bandwidth  of  the  auxiliary  amplifier.  Typical 
values  might  be  between  2  c/s  and  5  c/s. 

In  some  cases  a  capacitor  C  is  included  at  the  input  to  the  auxiliary 
amplifier.  The  combination  of  Ra  and  C  constitutes  a  low-pass  filter, 
restricting  higher  frequency  signals  to  the  main  d.c.  amplifier. 
Capacitor  C  also  provides  a  measure  of  drift  correction  by  virtue  of 
integral-control  negative  feedback.  A  drift  signal  at  the  summing 


Fig.  5.17.  Amplifiers  in  series 

point  will  produce  an  output  signal  of  the  opposite  sign.  Under  these 
circumstances  a  current  will  flow  through  the  feedback  resistor  which 
will  charge  capacitor  C  in  a  sense  such  as  to  cancel  the  original  drift 
signal.  A  measure  of  correction  will  remain  as  the  capacitor  discharges. 

In  practice  it  is  normally  considered  undesirable  to  connect  the 
auxiliary  and  main  amplifiers  in  series  as  shown  in  Fig.  5.17  and 
implied  by  the  block  diagram  of  Fig.  5.14.  For  the  series  connection 
of  Fig.  5.17  the  overall  gain  is  given  by  the  product  of  the  two  gains 
A  x  M.  As  a  result  the  overall  bandwidth  is  restricted  to  that  of  the 
a.c.  amplifier.  This  is  unsatisfactory  for  many  computing  applications. 
Figure  5.18  shows  a  rather  different  arrangement. 

The  input  signal,  v,  is  applied  to  the  main  amplifier  directly  and 
also  via  the  auxiliary  amplifier.  This  corresponds  to  a  slight  modi¬ 
fication  of  eqn.  5.10  to  give  v{(A+  Yja^a^}  as  the  first  term  on  the 
right-hand  side  rather  than  v(Aat  u2«3)-  Since  A  has  typically  a  value 
of  some  hundreds  at  d.c.,  eqn.  5.12  is  still  valid. 
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The  manner  in  which  the  two  signals  fed  to  the  main  amplifier  are 
combined  has  not  been  specified.  One  convenient  way  is  to  apply 
them  as  difference  signals  to  the  two  grids  of  a  long-tail  pair.  Under 
these  conditions  a  sign  reversal  is  required  in  the  auxiliary  amplifier. 
This  is  the  arrangement  shown  in  Fig.  5.13. 

At  d.c.  Av^>v  and  operation  will  approximate  to  single-ended 
working  with  overall  gain  equal  to  the  product  AxM.  For  some 
frequency  of  comparatively  low  value,  say  5  c/s  ,Av~v  and  operation 
will  be  push-pull,  while  at  higher  frequencies  operation  will  again  be 
single  ended  with  overall  gain  M.  No  matter  how  low  the  gain  of  the 
auxiliary  amplifier  falls,  the  overall  gain  will  never  be  less  than  M. 


P 


Modulator  Demodulator 

Fig.  5.18.  Practical  amplifier  connection 


In  the  above  treatment  on  the  use  of  an  auxiliary  amplifier  to 
minimize  drift,  the  emphasis  has  been  on  the  concept  of  the  importance 
of  a  ‘drift-free’  first  stage  as  applied  to  the  analysis  leading  to  eqn. 
5.12.  This  method  clearly  indicates  the  value  of  the  auxiliary  amplifier 
with  its  drift-free  gain.  In  addition  increased  gain  A  x  M  at  d.c.  and 
low  frequencies  provides  the  other  advantages  which  follow  from 
high  open-loop  gain. 

For  this  reason  little  stress  has  been  placed  on  the  other  aspect  of 
drift  minimization  whereby  the  auxiliary  amplifier  is  seen  as  providing 
a  ‘drift-correction’  signal  directly  by  the  application  of  a  correcting 
signal  at  one  grid  of  a  long-tail  pair  when  a  drift  signal  of  small 
amplitude  occurs  at  the  other. 

It  is  sometimes  convenient  to  provide  a  neon  lamp  across  the  output 
terminals  of  the  auxiliary  amplifier.  Under  conditions  of  serious 
departure  of  the  summing  point  from  zero  potential,  a  large  output 
will  occur  at  the  auxiliary  amplifier.  Such  a  departure  may  occur  as  a 
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drift  voltage  due  to  some  malfunctioning  of  either  amplifier.  Alter¬ 
natively  it  may  be  due  to  an  excessively  large  signal  applied  to  the 
computing  amplifier  which  results  in  overload  of  the  final  stage.  The 
warning  neon  will  be  illuminated  in  either  event. 

5.7  Performance  of  valve  computing  amplifiers 
Before  leaving  the  subject  of  valve  computing  amplifiers  it  is  instruc¬ 
tive  to  consider  the  development  in  performance  which  has  resulted 
since  their  introduction. 

One  of  the  first  references  to  the  use  of  electronic  analogue  com¬ 
puters  is  the  paper  by  Ragazzini,  Randall,  and  Russell  (Ref.  5.15) 
published  in  1947.  The  d.c.  amplifier  used  in  their  work  had  a  gain 
of  about  5000.  As  a  precaution  against  drift  the  input  stage  consisted 
of  a  long-tail  pair  circuit  in  which  the  halves  of  a  double  triode  were 
used.  The  second  and  third  stages  also  consisted  of  the  halves  of  a 
double  triode.  Conventional  production  valves  were  used.  The  H.T. 
supplies  were  ±  350  volts  and  - 190  volts.  Chopper  stabilization  was 
not  used.  The  complete  computer  was  quite  small  and  was  mounted 
on  two  or  three  tables  in  a  laboratory.  The  authors  describe  the  use  of 
the  machine  in  the  solution  of  problems  concerning  second-order 
mechanical  systems  and  the  motion  of  an  aircraft  in  the  pitch  plane. 

A  much  larger  machine  is  discussed  by  Spearman,  Gait,  Heming¬ 
way,  and  Hynes  (Ref.  5.16).  Their  paper  describes  the  construction 
and  operation  of  TRIDAC  which  was  built  at  the  Royal  Aircraft 
Establishment  between  1950  and  1954.  TRIDAC  is  a  machine  suit¬ 
able  for  the  calculation  in  three  dimensions  of  the  trajectories  of  two 
aircraft  or  missiles  with  respect  to  each  other.  Since  the  machine 
contains  several  hundred  computing  amplifiers  it  was  necessary  to 
ensure  that  performance,  especially  as  to  drift,  was  good.  The  ampli¬ 
fiers  were  therefore  of  the  drift-corrected  type.  The  main  d.c.  amplifier 
had  three  stages  of  gain  with  cathode-follower  output  resulting  in  a 
gain  of  60,000.  The  first  stage  was  a  long-tail  pair.  The  input  valve  was 
of  a  type  with  low  grid  current  and  was  operated  with  low  anode 
potential  to  reduce  the  grid  current  further.  As  a  result  grid  currents  of 
the  order  of  10“ 11  A  were  achieved.  The  H.T.  supplies  were  ±  300  V 
and  ±  170  V.  The  swing  for  linear  operation  was  ±  30  V.  The  auxiliary 
amplifier  comprised  two  stages  of  gain  with  cathode-follower  output. 
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This  amplifier  had  a  gain  of  about  1000.  The  chopping  relay  vibrated 
at  400  c/s.  The  drift  at  the  output  with  unity  gain  was  less  than  1  mV. 

Some  typical  performance  figures  for  the  more  modern  types  of 
valve  computing  amplifier  are  given  by  Korn  and  Korn  (Ref.  5.1). 
They  are  detailed  below: 

Gain  of  d.c.  amplifier  30,000  to  150,000 

Gain  of  auxiliary  amplifier  2000  to  3000 
Overall  gain  25  x  106  to  300  x  106 

r.m.s.  noise  referred  to  input  2  to  10  mV. 

Average  drift  over  eight  hours,  referred  to  input  20  to  200  |iV,  linear 
output  swing  ±  100  V. 
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CHAPTER  6 


Transistor  Computing  Amplifiers 

6.1  Introduction 

In  the  last  chapter  the  essential  features  of  d.c.  valve  amplifiers  used  in 
computing  were  considered.  Computing  amplifiers  using  transistors 
rather  than  valves  are  now  coming  into  operation.  After  a  brief 
account  of  transistor  action,  some  idea  of  the  application  of  transis¬ 
tors  to  computing  amplifiers  will  be  given.  Their  performance  will  be 
compared  with  that  of  the  conventional  valve  amplifiers. 

6.2  Transistor  action 

The  junction  transistor  has  been  developed  over  recent  years  to  a 
state  where  it  is  a  most  valuable  alternative  to  the  thermionic  valve 
for  electronic  applications.  The  mechanism  of  operation  of  a  tran¬ 
sistor  is  fundamentally  more  complicated  than  that  of  the  triode  or 
pentode  valve.  The  reader  is  referred  to  the  following  texts,  among 
many  others,  for  details  (Refs.  6.1,  6.2,  and  6.3).  The  treatment 
below  is  intended  only  as  a  brief  outline. 

The  material  used  in  transistors  are  semiconductors  of  Group  IV  of 
the  periodic  table.  Germanium  (Ge)  and  silicon  (Si)  are  the  two 
commonly  employed.  In  their  normal  state  the  conduction-band  for 
their  orbital  electrons  is  empty.  There  are  no  vacancies  in  the  valence-  . 
band.  The  four  electrons  in  this  band  form  covalent  bonds  with 
adjacent  atoms.  An  electron  excited  to  a  conduction-band  leaves 
behind  an  unoccupied  valance-band  state. 

This  deficiency  has  the  properties  of  a  positive  charge  carrier  and  is 
called  a  hole  to  distinguish  it  from  the  corresponding  negative  mobile 
charge  carrier,  the  electron.  Excitation  of  an  electron  to  a  conduction- 
band,  with  the  consequent  creation  of  a  hole  is  thermal  carrier 
generation.  Thermally  generated  holes  and  electrons  appear  in  equal 
numbers.  Although  it  takes  place  at  room  temperature,  a  rise  in 
temperature  results  in  increased  thermal  carrier  generation.  A  semi¬ 
conductor  which  possesses  conduction  holes  and  electrons  by  virtue 
of  thermal  energy  is  an  intrinsic  semiconductor. 
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For  transistor  applications  small  quantities  of  impurities  are  added 
to  the  intrinsic  semiconductor  to  provide  an  extrinsic  semiconductor. 

The  introduction  of  a  small  amount  of  pentavalent  impurity  such 
as  arsenic,  phosphorus  or  antimony,  only  four  of  whose  electrons  take 
up  covalent  bonds  leaves  the  fifth  only  loosely  bound  to  the  parent 
atom.  This  is  readily  available  for  conduction.  The  pentavalent 
impurity  atom  is  called  a  donor.  The  semiconductor  crystal  is  called 
/z-type  since  it  contains  an  excess  of  negative  carriers.  These  are  called 
majority  carriers  to  distinguish  them  from  the  small  number  of  posi¬ 
tive  carriers  (holes)  which  are  present  due  to  thermal  generation. 
These  positive  carriers  are  the  minority  carriers. 

The  introduction  of  a  small  amount  of  trivalent  impurity  such  as 
gallium,  indium  or  boron  means  that  at  intervals  in  the  lattice  of  the 
crystal  structure  there  is  a  deficiency  of  an  electron  in  one  of  the 
covalent  bonds.  This  lack  constitutes  a  hole.  Since  electron  transfer 
can  take  place  in  the  covalent  bonds,  the  hole  is  not  restricted  in  its 
location.  Indeed  holes  are  available  for  conduction  like  the  electrons 
of  the  donor  type  crystal.  These  are  now  the  majority  carriers  while 
thermally  generated  electrons  are  minority  carriers.  Impurity  atoms 
of  the  trivalent  type  are  acceptor  impurities.  The  semiconductor 
crystal  is  called  //-type. 

A  piece  of  /z-type  semiconductor  in  contact  with  a  piece  of  p- type 
constitutes  a  semiconductor  junction  diode.  Current  flow  across  the 
junction  will  consist  of  both  holes  and  electrons.  The  magnitude  of 
the  current  will  depend  on  the  polarity  of  a  d.c.  bias  voltage  applied 
across  the  junction  and  also  on  the  temperature  of  the  junction. 
Before  the  application  of  an  external  bias  supply,  the  diffusion  of 
holes  of  the  p-type  into  the  /z-type  region,  and  the  diffusion  of  electrons 
of  the  /z-type  region  into  the  p- type  region  leaves  the  //-type  with  a 
net  negative  charge  and  the  /z-type  with  a  net  positive  charge.  The 
electric  field  which  appears  in  the  vicinity  of  the  junction  inhibits 
further  net  carrier  migration.  An  equilibrium  condition  is  established 
with  the  flow  of  majority  carriers  due  to  diffusion  balanced  by  the 
drifit  of  minority  carriers  due  to  the  presence  of  the  electric  field. 

The  graph  of  Fig.  6.1(b)  shows  the  variation  of  current  I  with 
applied  voltage  V.  The  relation  is  seen  to  be  non-linear.  When  reverse 
bias  is  applied  the  forward  current  falls  to  zero.  The  condition  of 
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reverse  bias  however  is  favourable  to  the  flow  of  minority  carriers. 
Thermally  generated  holes  of  the  n  region  and  electrons  of  the  p 
region  are  swept  easily  across  the  boundary  to  constitute  a  saturation 
current  Is.  This  saturation  current  is  substantially  independent  of  the 
applied  potential.  Its  magnitude  is  proportional  to  minority  carrier 
density.  Since  these  are  thermally  generated,  the  saturation  current 
is  proportional  to  temperature.  It  will  be  seen  later  that  this  current 
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Fig.  6.1.  p-n  characteristics 
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provides  one  of  the  most  important  obstacles  to  successful  operation 
of  transistor  d.c.  amplifiers. 

Figure  6.2(a)  shows  a  schematic  diagram  of  a  junction  transistor. 
It  comprises  three  sections,  emitter,  base,  and  collector.  Their  func¬ 
tions  may  be  compared  very  approximately  to  the  cathode,  grid,  and 
anode  of  the  thermionic  triode.  Some  important  differences  will 
appear  however.  In  Britain  the  emitter  and  collector  are  usually  of 
p-type  semiconductor  material  while  the  base  is  n- type.  Bias  arrange¬ 
ments  for  conventional  operation  are  shown  in  Fig.  6.2(b).  It  will  be 
seen  that  the  emitter-base  junction  is  biased  for  forward  conduction, 
while  the  base-collector  junction  is  biased  for  reverse  conduction. 
Emitter  and  collector  regions  are  heavily  doped  with p-type  impurity. 
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The  concentration  of  holes  in  these  regions  is  greater  than  that  of  the 
concentration  of  electrons  in  the  n-type  base  region. 

Current  flow  through  the  base  region  consists  mainly  of  holes  from 
the  emitter  which  pass  by  virtue  of  the  forward  bias  applied  to  the 
emitter-base  junction.  Most  sweep  across  to  the  collector  where  they 
flow  out  as  collector  current,  Ic.  Others  recombine  with  electrons. 
The  position  is  complicated  by  a  variety  of  other  factors  such  as 
dependence  of  the  action  on  collector  voltage,  Vcb>  the  emitter-base 
voltage,  Vbe,  and  the  presence  of  the  saturation  current,  Ico,  for  the 


emitter  base  collector 


(a)  Schematic  of 
junction  diode 


(b)  Bias  arrangements  for 
p-n-p  junction  transistor 


Fig.  6.2.  Junction  transistor 


base-collector  diode  which  is  reverse  biased.  The  relation  between  net 
collector  current,  Ic,  and  net  emitter  current,  Ie,  is  given  by 


For  junction  transistors  a0  has  a  value  which  is  a  little  less  than  unity. 
The  relation  between  Ic  and  Ie  may  be  far  from  linear  for  the  above 
and  other  reasons.  As  with  the  thermionic  valve,  which  was  also  seen 
to  be  a  non-linear  device,  families  of  characteristic  curves  are  valuable 
when  considering  transistor  behaviour.  If  linear  operation  over 
restricted  ranges  of  the  characteristic  curves  is  assumed,  then  equi¬ 
valent  circuits  may  be  employed  in  the  estimation  of  transistor  circuit 
performance.  For  any  particular  set  of  operating  conditions  the 
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following  equations  are  valid  for  current  flow  in  the  diagram  of 
Fig.  6.2(b). 

Out  of  collector 

h  6.2(a) 

Out  of  base 

I b  ( I c  a0  A-)  I co 

or  h  =  (l-a0)/e-/co  6.2(b) 

Whereas  the  thermionic  valve  was  seen  to  be  essentially  a  voltage 
operated  device,  the  transistor  is  a  current  device.  This  notion  will 
become  apparent  as  the  characteristic  curves  are  examined. 

The  transistor  may  be  operated  in  one  of  three  ways  depending 
on  which  of  the  terminals  is  taken  as  common  or  grounded.  Transistor 
circuit  behaviour  is  determined  by  the  configuration  used. 

6.3  Transistor  equivalent  circuits 

(i)  Common  or  grounded  base  operation.  Figure  6.3(a)  shows  the 
common  base  arrangement  which  has  the  alternative  name  of 
grounded  base.  This  is  analogous  to  grounded  grid  valve  operation 
though  there  are  important  differences.  The  base  terminal  is  common 
to  input  and  output  circuits.  An  input  current  flowing  in  at  the 
emitter  terminal  provides  an  output  current  flowing  out  at  the 
collector.  Alternatively  a  voltage  input  applied  between  emitter  and 
base  provides  a  corresponding  voltage  output  developed  across  a  load 
resistor  connected  between  collector  and  base.  Bias  arrangements  are 
shown  using  batteries,  but  in  practice  more  convenient  methods  are 
used. 

Figure  6.3(b)  shows  a  typical  family  of  curves  relating  collector 
current  Ic,  to  collector-base  voltage,  Vcb,  for  various  values  of  emitter 
current  Ie.  The  curve  for  Ie  =  0  is  of  particular  importance.  The  curve 
is  the  reverse  characteristic  of  the  base-collector  diode.  It  is  in  fact  the 
plot  of  the  saturation  current  Ico  discussed  in  the  previous  section.  At 
room  temperature  Ic0  has  normally  a  low  value  of  the  order  of  a  few 
microamps.  When  the  temperature  rises,  Ico  increases  very  consider¬ 
ably  with  the  result  that  the  whole  family  of  curves  is  lifted.  It  will  be 
noticed  that  the  family  of  curves  is  shown  in  the  first  quandrant  even 
though  Vcb  is  a  negative  voltage.  In  order  to  facilitate  calculations  and 
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also  make  for  easier  comparison  with  valve  characteristics,  transistor 
characteristic  curves  are  usually  drawn  in  the  first  quadrant  regardless 


e 

o- 


C 

-o 


emitter 

Input 

H*- 


collector 

Output 


6 

base 


(a) 

Ie  increasing 


10mA, 


Ie  =  10mA 


Ie=0(Icocurve) 


negative  Voltage  Vcb  -10V 
(b) 


U 

10mA.. 


\4b-2oy 


Vcb'OV 


Vcb  increasingly 
negative 


negative  voltage  Vbe200mV 

(c) 

Fig.  6.3.  Common  base  configuration,  (a)  Basic  circuit,  (b)  Collector 
current  Ic  versus  collector-base  voltage  Vcb  for  various  values  of 
(c)  Emitter  current  Ie  versus  base-emitter  voltage  Vie 


of  whether  the  quantities  involved  are  considered  as  positive  or 
negative.  This  was  not  the  case  with  the  early  works  on  the  subject. 
In  what  follows  positive  current  directions  are  taken  as  those  of  the 
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steady  d.c.  currents  which  flow  under  normal  operating  conditions 
with  suitable  bias  in  the  absence  of  signals. 

le  into  the  transistor  emitter  terminal  e 
h  out  of  the  transistor  base  terminal  b 
Ic  out  of  the  transistor  collector  terminal  c. 

The  above  curves  do  not  completely  describe  transistor  behaviour 
as  did  the  Ia  ~  Va  curves  for  valves.  (Although  the  transfer  charac¬ 
teristics  of  the  Ia  ~  Vg  curves  were  plotted  for  valves,  their  data 
might  have  been  deduced  from  the  Ia  ~  Va  curves.)  A  second  set  of 
curves  which  shows  the  non-linear  relation  between  input  current 
and  voltage  is  necessary. 

For  common  base  operation  the  set  relating  emitter-base  voltage 
to  emitter  current  is  used.  This  is  shown  at  Fig.  6.3(c)  for  two  values 
of  collector-base  voltage.  It  will  be  seen  that  the  relation  is  far  from 
linear  indicating  that  the  input  resistance  is  non-linear. 

Reference  to  Fig.  6.3(b)  indicates  that  for  small  signal  operation, 
a  current  ie  superimposed  on  the  steady  current  le  in  the  emitter  circuit 
which  exists  by  virtue  of  suitable  bias,  will  produce  a  small  signal  ic 
superimposed  on  the  steady  collector  current  Ic.  Operation  will  be 
approximately  linear  for  these  signal  currents.  The  current  gain  will 
be  a  little  less  than  unity.  However  reference  to  Fig.  6.3(c)  in  addition 
to  Fig.  6.3(b)  shows  that  one  cannot  normally  expect  a  linear  relation 
between  emitter-base  voltage  and  collector  current.  This  also  implies 
that  the  relation  between  emitter-base  voltage  and  an  output  voltage 
developed  across  a  load  resistor  connected  in  series  with  the  collector 
is  not  normally  linear.  The  curves  of  Fig.  6.3(b)  and  6.3(c)  serve  to 
emphasize  that  the  transistor  is  essentially  a  current  device.  In  order 
to  provide  approximately  sinusoidal  operation  for  a  voltage  input 
signal,  for  example,  it  is  necessary  to  arrange  that  the  source  resistance 
is  large  compared  with  the  tiansistor  input  resistance.  As  a  result  input 
current  is  approximately  sinusoidal  in  spite  of  the  variation  of  input 
resistance.  Hence  the  output  voltage  developed  across  a  load  resistor 
in  series  with  the  collector  is  also  approximately  sinusoidal. 

A  wide  variety  of  equivalent  circuits  are  used  when  considering 
small  signal  transistor  operation.  The  voltage  form  of  one  such  is 
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given  in  Fig.  6.4.  This  is  the  ‘equivalent-T’  for  common-base  condi¬ 
tion  at  low  frequencies.  re,  rb,  rc  and  a  are  transistor  parameters 
quoted  by  manufacturers  in  the  same  way  as  valve  parameters  n,  gm, 
and  ra  are  quoted.  re,  rb ,  and  rc  are  related,  but  not  equal  to,  the  resis¬ 
tances  from  the  appropriate  terminals  to  a  point  in  the  base  region 
which  is  taken  to  have  the  potential  of  point  b  in  Fig.  6.2(b).  While 
there  is  no  standardization  as  to  symbols,  those  above  are  widely 
employed.  The  derivation  of  the  single  voltage  generator  form  of 
equivalent  circuit  discussed  above  from  the  more  precise  two-gener- 


£g(ru 


b 


Fig.  6.4.  ‘Equivalent-T’,  voltage  generator  form,  for  common  base 

operation 

ator  form  is  considered  in  some  detail  in  Ref.  6.2  which  also  gives  the 
derivation  of  the  other  transistor  configurations.  The  single  voltage 
generator  in  the  collector  arm  which  represents  transistor  action  for 
common  base  connection  has  an  output  proportional  to  the  input 
current  ie  and  is  of  magnitude  a rc  ie  volts. 

Normally  re  <  rb  <  rc  and  a  ~  1.  Typical  values  might  be 

re  =  ion 
rb  =  5000- 
rc  —  500  kQ 


a  = 


0-98 
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The  wide  variations  which  occur  in  the  values  of  the  parameters 
above  have  a  profound  effect  on  transistor  circuit  performance  as 
will  be  seen  later. 

Analysis  of  the  equivalent  circuit  of  Fig.  6.4  yields  the  following 
results  for  low  frequencies.  The  various  symbols  are  indicated  on  the 
figure.  A  complete  analysis  for  each  of  the  three  transistor  con¬ 
figurations  is  given  in  Ref.  6.4. 


Input  resistance  R 


Ri  =  re  +  rb- 


rb(arc  +  rb) 
R-L  +  rb  +  rc 


6.3(a) 


The  input  resistance  is  seen  to  be  a  function  of  the  load  resistance 
Rl.  This  occurs  for  each  of  the  three  transistor  configurations.  It  is 
not  the  case  with  normal  valve  amplifying  stages. 

The  wide  range  of  values  for  input  resistance  is  indicated  when  the 
extreme  cases  are  considered,  and  the  approximations  resulting  from 
the  relation  re<rb<  rc  made. 

For  Rl  =  0,  Ri  ~  re+(l—a)rb  6.3(b) 

For  Ri  at  re  +  rb  6.3(c) 


Output  resistance  R0 


S 


Ro  = 


rc  +  rb 


/  re  +  Rg  <%rc\ 

\  rb  +  re+Rg) 


6.4(a) 


In  this  case  the  output  resistance  R0  is  a  function  of  source  resistance 
Rg.  Again  the  dependence  occurs  for  each  configuration.  Such 
dependence  is  not  normally  the  case  with  valve  operation.  When 

*8  =  0,  «<b> 
Rg  ->  co,  R0  ~  rc  +  rb  6.4(c) 


Current  gain 

The  current  gain  is  ic/ie  where 

ic  ccfc  4”  t  b 

4  ~  RL+rb+rc 


6.5(a) 
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Positive  directions  of  currents  ic  and  ie  are  shown  in  Fig.  6.4.  If 
Rl  <g  rc  as  is  frequently  the  case, 


i_c 

te 


rs*/ 


a 


6.5(b) 


There  is  no  phase  reversal  between  input  and  output  current. 


Voltage  gain 

The  voltage  gain  may  be  taken  as  v2lv\.  Alternatively  it  may  be 
considered  as  v2/eg,  where  eg  is  the  voltage  provided  by  a  source  of 
internal  resistance  Rg.  These  voltage  quantities  are  shown  on  the 
diagram  of  Fig.  6.4.  Analysis  of  the  circuit  of  Fig.  6.4  yields 

vz  =  IqRl  _  _ («rc  +  rb)  RL _  g  ^ 

eg  eg  (RL+rb  +  rc)(re  +  rb  +  Rg)-rb(ccrc+rb) 

The  expression  shows  that  the  voltage  gain  is  related  to  RL,  Rg,  re, 
rb,  rc,  and  a.  Since  rc  is  generally  much  greater  than  either  rb  or  re, 
eqn.  6.6(a)  may  be  rewritten, 


vz  „ 

eg  re  +  rb(l  —  oc)  +  Rg 


6.6(b) 


Notice  that  there  is  no  phase  reversal  between  input  and  output. 

At  low  frequencies  negligible  phase-shift  is  introduced  with 
common  base  operation.  A  small  positive  input  signal  current  will 
result  in  a  small  positive  output  current  and  vice  versa.  The  configu¬ 
ration  has  the  highest  maximum  operating  frequency  of  the  three 
possible  arrangements.  Substitution  of  values  in  the  above  equations 
shows  that  common  base  operation  is  characterized  by  low  input 
impedance  and  high  output  impedance.  Although  the  current  gain 
is  less  than  unity,  a  substantial  power  gain  may  be  possible  by  virtue 
of  the  low  input  impedance  and  high  output  impedance.  Voltage  gain 
will  be  achieved. 

(ii)  Common  or  grounded  emitter  operation.  Figure  6.5(a)  shows  the 
arrangement  with  the  emitter  common  to  both  input  and  output 
circuits.  As  before,  bias  is  indicated  by  batteries.  Grounded  emitter 
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operation  is  analogous  to  grounded  cathode  valve  operation,  though 
as  for  the  grounded  base  case,  there  are  important  differences. 
Current  input  signals  are  applied  at  the  base  terminal  and  outputs 
taken  at  the  collector  terminal.  If  voltages  are  considered,  then  voltage 
input  signals  are  applied  between  emitter  and  base,  and  output 
signals  are  taken  across  load  resistors  connected  between  collector 
and  emitter. 

Figure  6.5(b)  shows  a  typical  plot  of  collector  current,  Ic,  as  a 
function  of  collector-emitter  voltage,  Vce,  for  various  values  of  the 
base  current  Ib.  The  //,  =  0  curve  corresponds  to  the  open-circuit 
condition  for  the  emitter-base  junction.  The  curve  is  in  fact  the  plot 
of  the  saturation  current,  Ic0,  for  the  reverse-bias  base-collector 
junction.  Since  in  this  condition  no  external  base  current  flows,  a 
current  of  equal  magnitude  flows  to  the  base  from  the  emitter.  As 
will  be  seen  later  in  the  section  a  base  current  Ico  produces  by  tran¬ 
sistor  amplifying  action  a  current  in  the  collector  of  approximate 
magnitude, 

Hence  the  total  current  to  the  collector  will  be, 

4o  + 

V 

The  value  of  Ico'  may  be  as  much  as  a  hundred  times  Ico.  As  for  the 
common-base  condition  Ico>  is  very  sensitive  to  temperature.  As  Ico> 
increases  the  whole  family  of  curves  rises  as  if  on  a  pedestal. 

Since  the  relation  between  input  voltage,  Vbe,  and  input  current, 
Ib,  is  non-linear  it  is  necessary  to  provide  the  characteristic  curves  of 
Fig.  6.5(c)  which  relate  the  two  quantities  for  different  values  of 
collector-emitter  voltage  Vce. 

Reference  to  Fig.  6.5(b)  shows  that  for  small  signal  operation,  a 
small  positive  current  ib  superimposed  on  the  steady  base  current  Ib 
will  produce  a  small  positive  signal  ic  superimposed  on  the  steady 
collector  signal  Ic.  According  to  the  sign  convention  adopted  for 
signal  currents  this  implies  that  a  signal  which  flows  in  at  the  base 
terminal  would  produce  a  negative  signal  at  the  collector,  i.e.  sign 


(l-a)4,  4o(l-a) 
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reversal  takes  place.  The  curves  of  Fig.  6.5(b)  indicate  that  as  for  the 
previous  case  of  common  base  working  operation  for  smal  signal 
currents  will  be  approximately  linear.  Operation  for  voltage  signals 
will  be  approximately  linear  only  if  suitable  precautions  are  taken. 


Fig.  6.5.  Common  emitter  configuration,  (a)  Basic  circuit,  (b)  Collector 
current  Ic  versus  collector-emitter  voltage  Vce  for  various  values  of  Ib. 
(c)  Base  current  Ib  versus  base-emitter  voltage  Vbe 
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Analysis  of  the  voltage  ‘equivalent-T’  circuit  shown  in  Fig.  6.6 
describes  the  transistor  behaviour  at  low  frequencies.  The  equivalent 
voltage  generator  which  appears  in  the  collector  arm  has  an  output 
proportional  to  the  input  signal  current  and  equal  to  rcib  volts.  The 
associated  resistor  in  the  collector  arm  is  of  magnitude  rjb  where 


b  ~ 


1 


1  — a 


The  quantities  re,  rb,  rc,  and  a  have  the  same  significance  and  values 


Fig.  6.6.  ‘Equivalent-T’,  voltage  generator  form,  for  common  emitter 


as  for  the  previous  case.  Analysis  of  the  equivalent  circuit  of  Fig.  6.6 
gives  the  following  results.  The  relation  re<rb<  rc  holds. 


Input  resistance  R( 


Rj  =  rb  +  re+ 


reb(rc  +  re) 
rc  +  (RL  +  re)b 


Two  special  cases  occur, 

Rl  =  0  when  i?,-  —  rb+bre 
Rl  ->  oo  when  R,-  —  rb  +  re 


Output  resistance  R0 


rc  |  re(rb  +  rc+Rg) 
b  rb  +  re  +  Rg 


6.7(a) 


6.7(b) 

6.7(c) 


6.8(a) 


8 


106 


ELECTRONIC  ANALOGUE  COMPUTERS 


When  Rg  =  0,  R0  ^  rjb+rerclrb  6.8(b) 

r 

When  ->  oo,  R0  ~  rcjb  6.8(c) 

Current  gain 

signal  current  out  at  the  collector  ic 

The  current  gain  is - ; - - - — — -  ~r~ r - =  z — rr 

signal  current  in  at  the  base  ( —  ib) 

where  the  negative  sign  arises  by  virtue  of  the  definition  of  positive 
current  direction.  Analysis  of  the  equivalent  circuit  gives, 


ic  _  -b(rc-re) 

(~lb)  rc  +  (RL  +  re)  b 

6.9(a) 

When 

RL~>0(-ib)  ~  b 

6.9(b) 

but 

b  ~ 

1  —  a 

hence 

*0  ~  1 
(~ib)  1  ~a 

6.9(c) 

The  current  gain  for  common  emitter  condition  is  often  called  ft 
where  the  strict  definition  of  /?  is  that  /3  is  the  current  gain  with  collec¬ 
tor  terminals  short  circuited.  Hence  b  =  /?  for  the  short  circuit 
condition  only. 

Voltage  gain 

Vo  = _ -b(rc-rc)RL 

eg  (rc  +  bRL)(r b  +  re  +  Rg)  +  re  b(rb  +  Rg+rc) 

Substitution  of  typical  values  in  the  above  equations  indicates  that 
common  emitter  operation  is  characterized  by  a  moderate  to  large 
current  gain.  This  may  lie  between  10  and  150  for  normal  transistor 
types.  A  useful  voltage  gain  also  may  be  attained.  Input  and  output 
impedances  have  moderate  values.  The  maximum  operating  fre¬ 
quency  is  considerably  less  than  for  common  base  condition.  Phase 
reversal  occurs. 
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(ii)  Common  or  grounded  collector  operation.  Figure  6.7  shows  the 
common  collector  arrangement  with  the  collector  common  to  input 
and  output  circuits.  Since  operation  is  analogous  to  cathode-follower 
valve  operation,  the  circuit  bears  the  alternative  name  of  emitter 
follower.  Current  input  signals  are  applied  at  the  base  and  output 
currents  are  taken  at  the  emitter.  Voltage  input  signals  are  applied 
between  base  and  collector,  and  output  signals  are  taken  across  load 
resistors  connected  between  emitter  and  collector.  Performance  may 


e 


Basic  Circuit 


Fig.  6.7.  Common  collector  configuration 


be  estimated  by  reference  to  the  characteristic  curves  already  con¬ 
sidered  for  grounded  base  and  grounded  emitter  operation. 

Analysis  of  the  voltage  ‘equivalent-T’  circuit  of  Fig.  6.8  indicates 
performance  at  low  frequencies.  It  will  be  noted  that  the  circuit  has 
certain  features  in  common  with  common  emitter  operation.  As 
before 

1 

b  —  -  and  re  <  rb  <  rc 

1  —  a 


Input  resistance  Rt 


Ri  =  rb+rc< 


(RL+re)(b+  l)j 

rc+ b(R^  +  rc)  j 


b  ~ 


1 


and  b+1  cz  b 


6.11(a) 


where 


1  — a 
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There  are  two  special  cases 

Rl  =  0  when  Rt  —  rb  +  reb  6.11(b) 

Rl  -*■  co  when  Ri  —  rb  +  rc  6.11(c) 


Output  resistance 
Rn  =  r,+ 


rc(  1  +b)  +  b(Rs+rb) 


now  normally  b  >  1 


•Rl 


Fig.  6.8.  ‘Equivalent-T’,  voltage  generator  form,  for  common  collector 


Hence  R0  ~  ;  6.12(a) 

When  =  0,  f?0  ~  re  +  rb/b  6.12(b) 

When  Rg-+co,  R0  ~  re  +  rjb  6.12(c) 

Current  gain 

Reference  to  Fig.  6.8  shows  that  current  gain  is  given  by 

(~4)  =  h 
(-4)  h 

ij  _  rc(l  +6) 

h  rc+ b(re+ Ri) 


where 
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now  b^>  1  and  if  is  of  moderate  value,  as  is  frequently  the 
case. 

r-b  6.13 

lb 

Voltage  gain 

Making  the  usual  approximation,  re<rb<  rc,  the  voltage  gain  is 
given  by 


R, 


RL+^$+Rg 


6.14 


The  common  collector  circuit  is  characterized  by  high  input 
impedance  and  low  output  impedance.  The  current  gain  is  high  while 
the  voltage  gain,  as  seen  by  eqn.  6.14,  is  less  than  unity.  There  is 
small  phase  shift  between  input  and  output. 

The  results  obtained  by  the  analysis  of  the  transistor  equivalent 
circuits  above  have  been  considered  in  some  detail  in  this  section.  In 
the  context  of  a  book  of  this  sort,  such  results  are  not  of  the  highest 
importance  in  themselves.  However,  in  addition  to  providing  some 
analytical  justification  for  specific  transistor  properties  in  the  three 
configurations,  they  indicate  very  clearly  some  of  the  essential 
differences  between  valve  and  transistor  behaviour.  As  will  be  seen 
later  they  illustrate  some  of  the  difficulties  associated  with  the  opera¬ 
tion  of  transistor  d.c.  computing  amplifiers. 


6.4  Preliminary  considerations  of  transistor  computing  amplifiers 

The  use  of  transistor  computing  amplifiers  rather  than  valve  compu¬ 
ting  amplifiers  for  analogue  computing  purposes  offers  several 
substantial  advantages  providing  the  performance  of  the  transistor 
amplifier  is  adequate.  Some  of  the  advantages  are  summarized  below. 

(i)  Physical  size.  Transistors  of  the  type  used  for  computing  purposes 
occupy  a  volume  very  considerably  less  than  valves  used  for  the  same 
purpose.  As  a  result  the  number  of  computing  units  per  standard 
rack  may  be  increased  by  a  factor  of  several  times. 

(ii)  Ruggedness.  Transistors  are  more  robust  than  valves.  Current 
production  types  tend  to  be  very  reliable  and  have  a  long  life. 

(iii)  Power  supplies.  Normally  transistors  work  with  H.T.  voltages 
of  comparatively  low  value.  Heater  supplies  are  no  longer  required. 
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Power  consumption  is  much  less  than  with  valve  operation.  A  factor 
of  50:1  might  be  typical.  As  a  result  the  working  temperature  of  the 
machine  is  little  above  ambient.  Ventilation  problems  are  much 


(b) 

Fig.  6.9.  Analysis  of  operational  amplifier  in  terms  of  transfer  impedance, 
(a)  Schematic  diagram  of  gain-change  amplifier,  (b)  Two-mesh  equivalent 

circuit 

reduced.  The  reduction  in  power  requirements  brings  a  large  reduc¬ 
tion  in  the  overall  size  of  the  machine. 

The  use  of  transistors,  however,  provides  certain  difficulties  not 
encountered  with  valve  operation. 
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Since  the  transistor  is  essentially  a  current  operated  device  some 
of  the  early  work  describes  attempts  to  employ  current  rather  than 
voltage  as  the  analogue  quantity  with  transistor  computing  amplifiers. 
Hellerman  (Ref.  6.5)  compares  voltage  and  current  computing  in  a 
theoretical  way.  Kerfoot  (Ref.  6.6)  goes  on  to  consider  current  com¬ 
puting  in  greater  detail  and  gives  the  circuit  of  a  prototype  operational 
amplifier.  One  major  difficulty  is  the  provision  of  H.T.  power  supplies 
for  the  computing  amplifiers  which  are  suitably  isolated  from  ground 
especially  when  a  capacitor  is  used  as  a  feedback  element.  A  second 
difficulty  concerns  the  satisfactory  measurement  of  the  signal 
currents.  Other  difficulties  occur,  for  example,  the  calibration  of 
devices  intended  to  fulfil  the  same  function  as  coefficient  potentio¬ 
meters  used  in  voltage  computing  would  not  be  easy.  For  the  above 
and  other  reasons,  voltage  has  been  retained  as  the  analogue  quantity 
with  transistor  computing  amplifiers. 

It  is  convenient  to  define  the  gain  of  a  transistor  computing  amplifier 
in  terms  of  the  voltage  output  produced  by  a  given  input  current,  i.e. 
in  terms  of  its  transfer  impedance  (Ref.  6.7).  Analysis  in  terms  of 
transfer  impedance  for  a  gain-change  amplifier  and  for  an  integrator 
has  been  considered  by  Cundall,  Saggerson,  and  Shaw  (Ref.  6.8). 
The  case  of  a  gain-change  amplifier  is  discussed  below  in  some  detail. 

Figure  6.9(a)  shows  the  basic  circuit.  Rt  and  Rf  are  the  computing 
resistors  connected  in  the  same  manner  as  those  used  with  valve 
amplifiers,  r  is  the  input  resistance  of  the  amplifier  in  the  open-loop 
condition.  If  the  output  impedance  is  assumed  to  be  small,  then  the 
voltage  which  appears  across  the  output  terminals  is  (-  Ai )  volts, 
where  -A  is  the  amplifier  open- loop  transfer  impedance,  and  i  is 
the  current  which  flows  in  at  the  first  stage  of  the  amplifier.  The  1 80° 
phase-shift  in  the  amplifier  which  is  implied  by  the  negative  sign  for 
the  output  voltage  is  necessary  to  ensure  amplifier  stability.  For  the 
moment  drift  currents  are  neglected. 

The  two-mesh  equivalent  circuit  is  shown  in  Fig.  6.9(b).  Considera¬ 
tion  of  the  circulating  currents  iin  and  if  provides  the  following 


relations 


Vi  =  (Ri+r)iin-rif 
Ai  =  —  v0  =  —rim  +  (r+Rf)if  * 


6.15 


l  —  Zjn  If 
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Solution  in  terms  of  vt  and  v0  yields  the  result 


Vo 

Rf 

/ 

1 

Vi 

Rr 

K 

hra-j 

1 

V_o  _ 

Rf 

f 

l 

Vi 

Rr 

Rr 

1  +“7 
A 

i  i 

+ 

,>0! 

where  R  =  RiRfl(Ri+  Rfj  i.e.  R  is  the  parallel  combination  of  Rt  and 
Rf. 

In  the  ideal  case 


Vo  _  Rf 
Vi  Ri 


6.17 


Comparison  of  eqn.  6.16  and  eqn.  6.17  shows  that  for  good  approxi¬ 
mation  to  the  ideal  case,  the  value  of  A  must  be  large  compared  with 
Rf.  In  addition  it  is  desirable  to  have  a  value  of  open-loop  input  resis¬ 
tance  r  which  is  small  compared  sith  the  parallel  combination  of 
Rt  and  Rf  since  the  transfer  impedance  is  divided  by  a  factor  (1  +  r/R) 
to  yield  a  modified  transfer  impedance  A'.  Provided  that  r/R  <  1, 
A'  ~  A.  The  relation  of  eqn.  6.16  then  becomes, 


„  _R/( _ 1 _ \ 

vi  Rill  +  Rf/A'j 
Expansion  by  the  binomial  theorem  gives 


If  ( Rf/A ')  <  1  then  the  percentage  error  due  to  the  finite  value  of  A' 
becomes. 


Rf 

A 


x  100  per  cent 


6.18 


An  integrator  is  best  considered  in  terms  of  the  general  case  where 
computing  elements  Z,  and  Zf  are  employed  and  the  analysis  is 
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performed  using  the  Laplace  transform  technique.  Relations  similar 
to  those  of  eqn.  6.15,  but  now  in  terms  of  generalized  impedances  and 
the  transforms  of  current  and  voltage  quantities,  yield  the  result, 


Vo  _  -Zf(p) 

1  .  } 

Vi  Ziip) 

zM\  ZM+ZM  1 
A(p)  L  Zi(j,)Zf{p) 

For  the  case  of  an  integrator. 

Z,(p)  =  R,  ' 

and 

W-jc. 

> 

6.19 


6.20 


Also  A{p)  =  A  and  r(p)  =  r  since  both  are  resistive  quantities.  Hence, 


-1 


1 


pCRt 

-1  ( 

pCRj 


i  r  Ri+i/pc  - 
1  PCa[1  RilpC  . 


1 


l+^U  +  rlRi+r/A] 

p  CA 


6.21 


Now  for  typical  values  of  r,  i?,-,  and  A,  r  <  Ri  and  r  <^A.  Hence  the 
term  rjA  may  be  neglected  and  the  transfer  impedance  A  considered 
to  be  divided  by  a  factor  approximately  equal  to  (1  +r/Ri)  to  yield  a 
modified  transfer  impedance  A'.  Hence, 


-1 

1 

pCRt 

- 1 

^  u 

+ 

_ i 

~X  1 

r  pc*  ] 

pCRi\ 

[l  +pCA\ 

6.22 


In  the  ideal  case  for  an  integrator 


Vn 


pCRt 


* 


6.23 
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The  term  [pCA'/l+pCA']  therefore  modifies  the  performance. 
Consider  a  step-function  input,  for  example,  where  the  input  voltage 
step  is  Vj  volts.  Thus  Vj  —  vtlp.  Then  in  eqn.  6.22 


Whence 


‘'iCRi+Vi2C2A'Ri+' 


6.24 


Comparison  with  eqn.  6.23  shows  that  the  percentage  error  is 


- x  100  per  cent  6.25 

2CA 

Equations  6.18  and  6.25  both  indicate  that  for  good  accuracy  a 
large  value  of  A  is  necessary.  For  gain-change  a  small  value  of  R;  is 
desirable,  while  for  integration  C  should  have  a  large  value. 

Summation  has  not  so  far  been  mentioned.  Analysis  similar  to  that 
used  for  the  gain-change  case  may  be  performed  to  show  that  sum¬ 
mation  is  possible  with  transistor  amplifiers.  It  will  be  seen  in  the 
next  section  that  the  virtual  earth  technique  is  a  useful  alternative. 
Equation  6.19  indicates  that  for  more  complicated  operations  the 
transfer-function  approach  may  be  employed. 


6.5  The  virtual  earth  principle 

The  idea  of  virtual  earth  operation  may  be  applied  to  the  transistor 
computing  amplifier.  Comparison  with  the  valve  amplifier  is  useful 
at  this  point.  Consider  Fig.  6. 10(a)  which  shows  a  schematic  diagram 
of  a  valve  computing  amplifier  connected  for  gain-change.  If  the 
input  impedance  to  the  amplifier  proper  is  taken  as  infinite,  then  the 
input  current  /;n  will  flow  through  the  feedback  resistor  so  that 
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It  is  instructive  to  consider  the  effective  closed-loop  input  impedance 
i?eff  at  the  point  A,  the  virtual  earth  point.  This  is  given  by  the 
relation, 

7?eff  =  vatt  6.27 


where  va  is  the  potential  at  the  point  A,  and  i  =  i-m.  As  was  seen  in 
Chapter  3, 


Hence 


and  vQ  =  —Mva 


^eff  — 


Ya 

i 


1  +M 


6.28 


An  equivalent  circuit  in  terms  of  7?eff  is  shown  in  Fig.  6.10(b).  The 
departure  of  the  point  A  from  earth  potential  due  to  the  passage  of 
current  i  to  earth  as  shown  in  Fig.  6.10(b)  will  be  very  small  for 
practical  values  of  M.  As  the  value  of  M  increases  the  potential  at  A 
more  nearly  approaches  earth  potential. 

With  transistor  amplifiers  the  virtual  earth  principle  again  applies. 
Consider  Fig.  6.9(a)  once  more,  v  is  the  potential  at  the  point  X  at  the 
input  to  the  amplifier.  The  closed-loop  input  impedance,  Ret r,  is 
given  by 

-Keff  =  v/iiD  6.29 

The  relations  below  also  apply. 


Vj  —  V  = 

^/*in 

v-v0  = 

Rfif 

V0  = 

—  Ai 

V  = 

ir 

**in 

i  +  if 

6.30 


Substitution  of  the 
following  result. 


relations  of  eqn.  6.30  into  eqn.  6.29  yields  the 

v  Re 

R^=-  =  — ; — - 

*in  1+^  +  7?/) 


6.31 


116  ELECTRONIC  ANALOGUE  COMPUTERS 

If  Rf<  A  as  is  usual,  then, 

i?eff  SJ  Rf 

Since  r  <  A,  the  potential  at  point  X  by  virtue  of  the  input  current 
iin  will  be  very  small.  Point  X  may  be  regarded  as  a  virtual  earth  as 


Fig.  6.10.  Virtual  earth  approach  to  valve  computing  amplifier,  (a)  Sche¬ 
matic  for  gain-change  configuration,  (b)  Equivalent  circuit 


in  the  valve  case.  The  analysis  of  a  multi-stage  amplifier  with  shunt 
feedback  of  the  type  provided  by  Rf'm  the  above  treatment  has  been 
given  by  Almond  and  Boothroyd  (Ref.  6.9).  Their  work  emphasizes 
that  such  feedback  results  in  a  very  low  value  for 
When  using  the  virtual  earth  approach  to  the  valve  computing 
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amplifier,  the  whole  of  the  input  current  was  assumed  to  flow  through 
the  feedback  resistor.  This  led  immediately  to  the  result 


»£  =  _Rf 
Vi  R, 


in  the  ideal  case  with  an  amplifier  of  infinite  voltage  gain. 

With  the  transistor  amplifier,  the  relation  between  the  input 
current  ijn,  the  current  i  into  the  amplifier  proper,  and  the  current  if 
through  the  feedback  resistor,  is  important.  Further  consideration  of 
the  equations  of  6.30  gives  the  result 

if  =  /in(l - ^ — ) 

f  ,n\  r+A  +  RfJ 

Since  r  <  Rf<  A 

In  the  ideal  case  when  A  ->°o 


6.33(a) 

6.33(b) 


if  =  i-m  6.34 

It  must  be  emphasized  that  this  rather  surprising  result  is  a  conse¬ 
quence  of  the  feedback  which  has  been  applied.  The  result  is  the  same 
as  the  ideal  condition  for  valve  operation.  Coupled  with  the  idea  of 
the  virtual  earth  principle,  eqn.  6.34  leads,  as  in  the  valve  case,  to  the 
immediate  result, 

_  _Rf 

Vi  Ri 


This  is  the  same  as  that  given  in  eqn.  6.17. 

Finally  consider  the  current  i.  This  is  given  by  the  relation. 


i  —  *in  f/ 


RfH a 


r+A  +  Rf 


Again  r<Rf<  A  in  practice,  hence 


.  Rf. 

i  cs  —iia 

A 


6.35(a) 


6.35(b) 
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The  analysis  above  affords  a  most  interesting  comparison  between 
valve  and  transistor  computing  amplifiers.  Consideration  of  the 
amplifiers  in  terms  of  voltage  gain  and  transfer  impedance  respec¬ 
tively  shows  that  the  virtual  earth  principle,  with  associated  low  input 
impedance  at  the  virtual  earth  point,  is  applicable  in  each  case.  The 
notion  that  in  the  ideal  case  because  the  current  flowing  through  the 
feedback  computing  resistance  is  equal  to  the  current  through  the 
input  computing  resistance  the  ratio  vjv;  is  determined  solely  by  the 
ratio  R//R;,  is  common  to  both. 

The  analysiscan  be  extended  to  the  general  case  for  input  computing 
element  Z(-  and  feedback  element  Zj  by  the  use  of  the  Laplace  trans¬ 
form  technique. 


6.6  Drift  in  transistor  computing  amplifiers 

In  Section  6.3.  it  was  shown  that  drift  currents  rather  than  drift 
voltages  are  important  when  considering  the  behaviour  of  transistor 
stages.  Drift  currents  were  seen  to  be  functions  of  temperature  and 
to  have  a  constant  value  for  any  particular  temperature.  Changes  in 
the  value  of  also  result  in  drift  currents. 

When  using  transistor  computing  amplifiers,  a  current  is  injected 
at  the  input  to  the  amplifier  proper  in  the  zero  set  condition  to  provide 
zero  output  voltage  when  the  input  resistor  Rt  is  earthed.  The  value 
of  this  current  is  equal  in  magnitude  and  opposite  in  sign  to  the  ‘  drift 
current  referred  to  input’.  In  the  ideal  case  where  the  ambient  tem¬ 
perature  is  fixed,  the  adjustment  should  prove  sufficient  providing 
the  power  supplies  and  component  values  are  stable.  In  practice  the 
value  of  ambient  temperature  will  vary.  As  a  result  the  drift  current  will 
change  and  an  output  drift  voltage  occur.  As  with  valve  amplifiers 
drift  at  the  first  stage  is  all  important.  Figure  6.11  shows  how  Ico 
and  lCO'  vary  with  temperature  for  a  typical  low  power  transistor.  It 
will  be  noticed  that  Ico  and  Ico>  both  double  in  value  for  an  increase  in 
temperature  of  rather  less  than  10°C.  Typical  values  of  Ico>  for  com¬ 
mon  transistors  of  the  type  employed  for  computing  amplifiers  might 
be  between  10  p.A  and  lOOfiA  at  25°C.  It  is  instructive  to  determine 
the  relation  betweeen  a  drift  current  and  the  corresponding  drift 
voltage  at  the  output  of  a  computing  amplifier. 
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Consider  first  a  computing  amplifier  arranged  for  gain-change.  The 
equivalent  circuit  is  shown  in  Fig.  6.12.  Resistor  Rj  is  earthed  at  the 


Fig.  6.11.  Variation  of  Ico  and Im>  with  temperature 


Fig.  6.12.  Drift  current  in  transistor  amplifier 

end  remote  from  the  amplifier.  This  implies  zero  input  voltage  vt.  The 
currents  iia,  if,  and  /  which  flow  in  the  circuit  do  so  by  virtue  of  the  drift 
current  alone.  This  is  represented  by  a  current  source  id  at  the  input 
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to  the  amplifier  proper.  The  following  relations  hold  for  the  equivalent 
circuit  of  Fig.  6.12. 


0  =  iia(R,+  r)-idRi-rif 
Ai  =  -iinr  +  if(Rf  +  r) 

Ai  =  -vd 


6.36 


> 


l  =  fin-'/ 

Solution  of  the  above  yields  the  result, 


6.37 


where 


R/+  Ri 


Provided  r/A  <  1  and  Rf  <  A,  the  output  drift  voltage  is  given  by  the 
approximate  relation 


6.38 


Vd  -  —  Rf  id 


This  implies  that  the  drift  voltage,  vd,  is  minimized  by  the  use  of  a 
feedback  resistor  of  low  value. 

The  analysis  can  be  extended  to  the  general  case  for  input  compu¬ 
ting  element  Z,-  and  feedback  element  Zf.  The  case  of  an  integrator,  for 
example,  has  been  considered  by  the  authors  of  Ref.  6.8.  For  a  drift 
current  id,  the  equivalent  input  voltage  is  idR-,.  Hence  the  output  drift 
voltage,  vd,  after  t  seconds,  produced  by  a  constant  drift  current  id,  is 
given  by 


6.39 


o 
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where  T is  the  time  constant  i?,C.  Equation  6.39  implies  that  best  drift 
performance  for  a  particular  value  of  T  occurs  when  Rt  is  as  small  as 
possible,  and  C  is  as  large  as  possible. 

6.7  Transistor  computing  amplifiers  in  practice 

Since  transistors  have  been  applied  to  computing  techniques  only 
recently,  circuit  designs  have  not  yet  settled  into  a  definite  pattern, 
as  is  the  case  with  valve  operation.  Therefore  a  detailed  treatment  of 
transistor  circuits  cannot  be  attempted. 

As  was  mentioned  in  Section  6.4  some  of  the  early  work  on  transistor 
computing  amplifiers  concerned  the  development  of  current-operated 
amplifiers  (Ref.  6.5  and  6.6).  However,  for  the  reasons  mentioned  in 
that  section,  voltage  has  been  retained  as  the  analogue  quantity. 

One  possible  technique  for  the  design  of  a  transistor  operational 
amplifier  is  to  endeavour  to  produce  a  transistor  circuit  which  has 
an  open-loop  performance  as  similar  as  possible  to  the  corresponding 
valve  circuit.  To  achieve  this  end  a  transistor  amplifier  which  has 
properties  similar  to  those  discussed  at  the  beginning  of  Chapter  3 
is  required.  High  input  impedance,  large  voltage  gain,  and  overall 
phase  reversal  are  especially  important. 

As  was  shown  in  Section  6.3(iii)  and  eqn.  6.1 1  a  common  collector 
(emitter  follower)  circuit  has  the  property  of  high  input  impedance 
if  the  load  resistance  has  a  large  value.  No  phase  reversal  occurs.  If 
two  or  more  emitter  follower  circuits  are  arranged  in  cascade,  the 
input  impedance  rises  further.  Equation  6. 14  indicates  that  the  voltage 
gain  of  such  stages  is  less  than  unity.  A  high  voltage  gain  for  the 
whole  amplifier  may  be  achieved  by  the  use  of  a  sufficient  number 
of  suitable  transistor  stages.  While  eqn.  6.6  of  Section  6.3  shows 
that  operation  in  the  common  base  configuration  provides  a  useful 
voltage  gain,  no  phase  reversal  occurs.  An  amplifier  consisting  of  an 
initial  common  collector  stage  followed  by  common  base  stages  would 
not  exhibit  therefore  the  overall  phase  reversal  necessary  for  amplifier 
operation.  Interstage  matching  for  a  series  of  common  base  stages 
with  their  low  input  and  high  output  impedances  (eqn.  6.3  and  eqn. 
6.4)  is  unsatisfactory  in  that  it  results  in  a  loss  of  voltage  gain. 

However,  common  emitter  stages  provide  both  current  and  voltage 
gain  (eqn.  6.9  and  eqn.  6.10),  a  phase  reversal,  and  have  input  and 
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output  impedances  of  moderate  value  (eqn.  6.7  and  eqn.  6.8).  As  a 
result  such  stages  have  been  preferred  to  common  base  stages. 

In  practice  considerations  of  the  stability  of  the  overall  amplifier 
restricted  the  number  of  stages  which  could  be  used  especially  in  view 
of  the  limited  frequency  response  of  the  transistors  used  in  the  early 
work.  Drift  problems  also  restricted  the  overall  gain. 

Ettinger  (Ref.  6.10)  in  July  1955  described  two  computing  amplifiers 
built  with  the  above  criteria  in  mind.  The  need  for  as  high  an  input 
impedance  as  possible  was  specifically  mentioned.  The  use  of  com¬ 
puting  resistances  of  lower  value  than  was  normal  with  valve  ampli¬ 
fiers  was  suggested  as  a  possible  method  of  minimizing  the  limitations 
of  finite  amplifier  input  impedance.  One  amplifier  had  an  open-loop 
voltage  gain  of  500  and  consisted  of  an  input  grounded  collector  stage 
followed  by  a  grounded  base  stage  and  a  final  grounded  emitter  stage. 
Phase  reversal  considerations  dictated  the  use  of  a  common  base 
rather  than  common  emitter  configuration  as  a  second  stage.  A 
second  amplifier  had  a  gain  of  2500  and  consisted  of  a  grounded 
collector  stage  followed  by  three  grounded  emitter  stages.  Moderate 
drift  performance  was  attained  with  each  amplifier. 

In  March  1956  Blecher  (Ref.  6.11)  discussed  the  performance  of 
a  transistor  summing  amplifier  employed  three  common  emitter 
stages.  Local  feedback  was  applied  to  the  second  stage  to  provide  a 
measure  of  control  over  the  open-loop  gain.  Selected  transistors  were 
used. 

In  November  1956  W.  A.  Curtin  (Ref.  6.12)  described  a  simple 
experimental  5-stage  a.c.  transistor  computing  amplifier  designed 
for  carrier  frequency  applications.  In  order  to  provide  a  measure  of 
control  over  the  variation  of  open-loop  gain  due  to  differences  between 
individual  transistors,  component  tolerances,  temperature  variations 
and  the  like,  local  feedback  was  applied  to  each  stage.  Common 
emitter  stages  were  used  throughout  the  amplifier.  A  voltage  open- 
loop  gain  of  1000  was  attained.  The  amplifier  was  used  to  sum  two 
400  c/s  input  signals  with  unity  closed-loop  gain.  The  maximum 
error  was  ±  0T  per  cent  when  the  loop  gain  was  subject  to  50  per  cent 
variation. 

A  very  much  more  elaborate  computing  amplifier  was  described 
by  W.  Hochwald  and  F.  H.  Gerhard  in  1958  (Ref.  6. 13).  This  amplifier 
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used  a  total  of  18  transistors  and  achieved  drift  correction  with  a 
transistor  chopper  circuit  and  associated  auxiliary  amplifiers.  Voltage 
gain  was  once  more  emphasized.  An  open-loop  voltage  gain  at  d.c. 
of  18  x  10  was  quoted  for  the  amplifier.  It  was  pointed  out  however 
that  for  high  accuracy  applications,  d.c.  input  current  sensitivities 
in  the  region  of  100  p.|xA  are  required  with  a  dynamic  output  range 
of  the  order  of  ±50  volts’.  Such  values  imply  a  transfer  impedance 
of  the  order  of  5  x  105  MO. 

The  circuits  considered  above  were  based,  for  the  most  part,  on 
attempts  to  use  techniques  resulting  from  criteria  which  had  proved 
appropriate  to  valve  operational  amplifiers.  Section  6.4  however 
shows  that  when  transistor  computing  amplifiers  are  used  an  analysis 
in  terms  of  transfer  impedance  is  convenient.  Equation  6.16  indicates 
that  this  leads  to  the  unexpected  result  that  for  transistor  amplifiers 
a  low  open-loop  input  resistance  is  desirable.  Under  such  circum¬ 
stances  the  percentage  error  is  given  by  the  relation  of  eqn.  6.18, 


Rr 

percentage  error  =  —  x  100  per  cent 
A 


where  A  is  the  transfer  impedance.  This  relation  indicates  the  need 
for  a  large  value  of  transfer  impedance. 

The  papers  of  Chaplin  and  Owens  published  in  1958  are  of  interest 
in  that  they  indicate  a  considerable  development  in  transistor  com¬ 
puting  amplifiers. 

Their  first  paper  (Ref.  6.14)  discussed  input  stages  for  high-gain 
d.c.  amplifiers.  After  consideration  of  the  causes  of  drift  in  a  common 
emitter  stage,  drift  compensation  by  the  use  of  a  balanced  circuit  of 
the  long-tail  pair  type  was  discussed.  This  involved  the  use  of  matched 
transistors  and  considerable  care  in  balancing  the  amplifier  if  good 
results  were  to  be  attained.  An  amplifier  in  which  low-level  d.c. 
signals  were  converted  first  into  a.c.  signals  using  a  modulator,  then 
amplified,  and  finally  rectified  to  provide  an  amplified  d.c.  output  was 
discussed  in  detail.  The  process  was  similar  to  that  employed  with 
the  auxiliary  amplifiers  considered  in  Chapter  5.6  though  transistors 
rather  than  relays  were  used  as  switches.  The  drift  performance  of 
such  modulated  amplifiers  used  as  input  stages  was  shown  to  be 
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substantially  better  than  that  of  the  same  transistors  used  in  balanced 
circuits  of  conventional  type. 

The  second  paper  of  Chaplin  and  Owens  (Ref.  6.7)  considered  a 
complete  transistor  high-gain  chopper-type  d.c.  amplifier  using  the 
circuits  discussed  in  the  first  paper.  A  chopping  frequency  of  1600  c/s 
was  used.  The  concept  of  gain  expressed  in  terms  of  transfer  impedance 
was  introduced.  The  a.c.  amplifier  used  four  transistors  and  had  a 
gain  of  20  V/pA  over  a  frequency  range  60  c/s-20  kc/s.  Considerable 
care  was  taken  to  ensure  that  the  open-loop  gain  was  substantially 
constant  by  the  provision  of  local  feedback  over  pairs  of  transistor 
stages.  D.c.  feedback  applied  to  the  whole  a.c.  amplifier  was  used  to 
stabilize  the  operating  point  of  the  first  stage.  D.c.  feedback  was  also 
provided  over  the  complete  amplifier.  The  open-loop  gain  of  the 
whole  system,  including  the  gain  achieved  at  the  input  chopper  was 
50  V/pA,  or  50  MO,  over  the  range  from  d.c.  to  25c/s.  The  transistors 
used  were  chosen  at  random.  Wide  tolerance  components  were 
employed.  The  voltage  drift  referred  to  the  input  was  less  than 
100  p.V  over  the  range  20°C-50°C.  This  drift  performance  compares 
favourably  with  the  best  performance  of  valve  amplifiers. 

Further  progress  was  achieved  by  Cundall,  Saggerson,  and  Shaw 
(Ref.  6.8).  In  a  paper  presented  at  the  International  Convention  on 
Transistors  and  Associated  Semiconductor  Devices  in  1959  a  tran¬ 
sistor  d.c.  amplifier  designed  specifically  for  use  in  analogue  computers 
was  considered.  This  paper  is  of  considerable  interest  in  that  a 
complete  analysis  of  the  application  of  transistors  to  analogue  com¬ 
puting  amplifiers  was  given.  It  began  with  a  detailed  analysis  of  the 
transistor  operational  amplifier  when  used  for  summation  and  for 
integration.  The  results  of  this  analysis  are  given  in  Section  6.4.  The 
characteristics  required  for  a  computing  accuracy  of  better  than  0.1 
per  cent  per  stage  were  specified.  To  meet  these  requirements  a 
complete  amplifier  incorporating  drift  correction  was  described.  The 
d.c.  amplifier  had  a  transfer  impedance  of  1000  V/fxA  (1000  MQ)  and 
gave  an  output  swing  of  ±  30  V  into  a  1 0  kQ  load.  It  comprised  five  d.c. 
stages  with  local  feedback  to  minimize  the  effect  of  transistor  para¬ 
meter  changes.  After  discussion  of  various  methods  of  drift  correction, 
that  considered  in  Chapter  5.6  was  chosen.  The  amplifier  used  for  this 
purpose  was  based  on  the  design  of  Chaplin  and  Owens  given  above. 
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A  table  at  the  end  of  the  paper  summarized  the  performance  of  the 
amplifier  and  compared  it  with  the  performance  of  a  typical  valve 
amplifier.  This  comparison  indicates  that  a  transistor  amplifier  can 
attain  a  performance  comparable  with  that  of  a  valve  amplifier 
provided  lower  ohmic  values  of  computing  resistors,  and  smaller 
computing  voltages  than  for  valve  operation,  are  acceptable.  Drift 
performance  is  seen  to  be  comparable  with  that  of  a  valve  amplifier. 
The  transistor  amplifier  offers  substantial  advantages  as  to  low 
volume,  low  power  consumption  and  negligible  heat  dissipation. 

Amplifiers  of  the  above  type  have  been  used  by  the  authors  in  an 
analogue  computer  with  complete  success.  Analogue  computers  using 
transistor  operational  amplifiers  are  now  available  commercially. 
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CHAPTER  7 


Computer  Auxiliary  Equipment 

7.1  Introduction 

The  analogue  computing  equipment  described  in  the  chapters  above 
suffices  for  the  solution  of  a  wide  variety  of  problems.  Additional  items 
of  equipment  however  are  frequently  required  to  permit  the  solution 
of  further  classes  of  problems  or  provide  input  and  output  facilities 
for  analogue  computers.  This  chapter  is  devoted  to  a  survey  of  some 
of  these  items  with  brief  explanations  as  to  their  applications.  This 
survey  does  not  set  out  to  be  exhaustive  since  references  to  the  sources 
of  further  information  are  given. 

7.2  Multipliers 

The  approach  to  the  solution  of  problems  via  the  use  of  operational 
amplifiers  made  no  provision  for  the  multiplication  of  two  inde¬ 
pendent  variables.  Sometimes  it  is  necessary  to  perform  such  multi¬ 
plication.  This  might  occur,  for  example,  in  the  solution  of  problems 
in  aerodynamics  (Ref.  7.1). 

In  such  problems  the  magnitudes  of  the  aerodynamic  derivatives, 
yaw  moment  per  unit  rudder  angle  for  example,  determine  the  forces 
and  moments  acting  on  an  aircraft.  For  a  simple  representation  of  the 
problem  such  derivatives  may  be  considered  as  constants,  and  may  be 
set  into  the  problem  as  coefficient  potentiometer  settings.  In  fact 
however,  the  derivatives  vary  with  altitude,  temperature,  and  the  like, 
and  thus,  in  a  more  sophisticated  solution,  should  change  con¬ 
tinuously.  Such  variation  normally  involves  the  multiplication  of  two 
independent  variables. 

Various  types  of  multipliers  are  discussed  below. 

7.2.1  Electromechanical  multipliers 

Electromechanical  multipliers  give  satisfactory  performance  pro¬ 
viding  they  are  not  required  to  operate  at  frequencies  greater  than  a 
few  cycles  per  second. 
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A  block  diagram  of  such  a  multiplier  is  shown  in  Fig.  7.1.  The 
multiplier  is  essentially  a  high-performance  position  servomechanism . 
The  servo  motor  turns  the  output  shaft  through  an  angle  d  which  is 
proportional  to  one  of  the  input  quantities  vx.  The  servomechanism 
is  designed  in  such  a  manner  that  the  correct  output  shaft  angle  is 
taken  up  precisely  and  with  rapid  response. 

To  this  end  a  precision  potentiometer  is  mounted  on  the  output 


Fig.  7.1.  Block  diagram  of  electromechanical  multiplier 


shaft.  This  potentiometer  is  such  that  the  resistance/unit  angle  of 
track  is  a  constant.  Voltages  +  V  volts  and  —  V  volts  are  applied  to 
the  ends  of  the  potentiometer.  A  negative  feedback  signal  is  taken 
from  the  slider  of  the  potentiometer  to  a  summing  amplifier  which 
provides  an  error  signal  to  drive  the  servo  motor  via  the  power 
amplifier.  When  the  voltage  at  the  slider  equals  iq  volts,  the  error 
signal  is  zero,  and  the  correct  position  has  been  attained.  The  per¬ 
formance  of  the  position  servomechanism  is  frequently  improved  by 
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the  insertion  of  shaping  networks  in  the  feedback  path  to  ensure  rapid 
response  and  minimum  positional  error.  Such  techniques  are  dis¬ 
cussed  at  length  in  Ref.  7.2. 

The  slider  of  a  second  precision  potentiometer  is  mounted  on  the 
output  shaft.  An  input  voltage  v2,  proportional  to  the  other  indepen¬ 
dent  variable,  is  applied  to  one  end  of  the  potentiometer.  The  same 
voltage  v2  is  also  applied  to  a  sign  reversing  amplifier,  and  thence,  as 
—  v2,  to  the  other  end  of  the  potentiometer.  The  output  of  the 
multiplier,  woat,  is  taken  from  the  slider  of  this  potentiometer. 

Consideration  of  Fig.  7.1  shows  that  the  output  voltage  wout  is 
proportional  to  6  and  also  to  the  voltage  v2.  In  fact, 

Uout  00  @v2 

or  wout  =  kvxv2  7.1 

This  relation  is  valid  for  both  positive  and  negative  values  of  and 
v2.  Several  precision  potentiometers  may  be  ganged  together  on  the 
output  shaft.  If  voltages  ±t>3,  ±v4, ...,  ±vn  are  applied  to  the  ends 
of  such  potentiometers,  then  the  output  of  the  nth  potentiometer 
will  be 

Vnout  =  kv{vn  7.2 

The  performance  of  such  electromechanical  multipliers  depends  on 
the  quality  of  the  precision  potentiometers  and  upon  the  frequency 
response  of  the  position  servomechanisms.  Typical  specifications  for 
modern  equipment  quote  accuracies  of  the  order  of  0-5  per  cent  and 
satisfactory  operation  up  to  1 0  c/s.  It  will  be  noticed  that  the  frequency 
response  is  limited  to  a  comparatively  low  value.  In  the  two  methods  of 
multiplication  to  be  described  below  considerably  higher  frequency 
responses  may  be  attained. 

7.2.2  Quarter  square  multiplier 

The  technique  appears  to  have  been  first  mentioned  by  Chance  in 
1951  (Ref.  7.3).  The  principle  of  operation  of  the  quarter  square 
multiplier  is  based  on  the  relation 

i  {(.vi+vzf-ivi-vi)2}  =  V\V2 


7.3(a) 
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Figure  7.2  shows  how  the  relation  of  eqn.  7.3  is  achieved.  The 
voltages  +t>i  and  +  v2  are  applied  to  a  summing  amplifier  to  yield 
v\  +  v2,  and  then  to  a  squaring  circuit  to  provide  (tq  +  tq)2.  Voltages 


Fig.  7.2.  Block  diagram  of  quarter-square  multiplier 

+  *q  and  —  v2  are  summed  and  squared  to  give  (rq  —  v2)2.  After  sign 
reversal  (zq  —  w2)2  is  added  to  (iq  +  v2)2  to  give 

(v{  +  v2)2  —  (zq  —  v2)2  =  4vtv2  7.3(b) 

The  scaling  of  the  system  is  adjusted  to  provide  any  convenient 
overall  gain  and  thus  the  factor  4  in  eqn.  7.3(b)  is  unimportant. 
Squaring  is  achieved  using  a  series  of  diodes  each  biased  so  that 
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conduction  is  initiated  for  a  different  level  of  input  voltage  in  each 
case.  The  principle  of  operation  of  the  squarer  is  discussed  below. 

Consider  for  example  the  characteristic  curve  for  a  typical  therm¬ 
ionic  diode  shown  in  Fig.  7.3(a).  An  idealized  curve  is  shown  in 


Fig.  7.3.  Typical  diode  characteristics,  (a)  Typical  ia~ v{  curve,  (b) 

Idealized  ia~v\  curve 


Fig.  7.3(b).  It  is  seen  that  conduction  does  not  take  place  when  the 
anode  voltage  is  substantially  below  that  of  the  cathode,  but  that  for 
a  value  of  anode  voltage  a  little  less  than  that  of  the  cathode  (about 
1  volt)  conduction  commences.  Thereafter  there  is  an  approximately 
straight  line  relationship  between  anode  current  ia  and  the  applied 
voltage  v{.  The  point  at  which  conduction  is  initiated  is  the  break¬ 
point,  shown  at  X  on  the  diagram.  The  forward  resistance  of  the 
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thermionic  diode  is  of  the  order  of  100  while  the  resistance  in  the 
reverse  direction  may  be  considered  as  infinite. 

If  a  bias  voltage  is  applied  to  the  anode  of  the  diode,  then  the  posi- 


U 


Fig.  7.4  Diode  with  positive  bias 


Fig.  7.5.  Diode  with  negative  bias 


tion  of  the  break-point  may  be  varied  at  will.  Consider  for  example 
Fig.  7.4.  Here  the  break-point  has  been  moved  to  the  right  through  a 
distance  vi,  to  the  point  X'  by  the  application  of  a  battery  bias  voltage 
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vb  volts.  Similarly  the  break-point  may  be  moved  through  a  distance 
vb  to  the  left  to  point  X"  by  the  application  of  a  bias  voltage  vb  of 
opposite  polarity  as  shown  in  Fig.  7.5.  Figure  7.6(a)  shows  two  diodes, 
biased  by  different  voltages,  vbl  and  vK.  In  Fig.  7.6(b)  the  currents  iQi, 
and  i„t  and  the  total  current  i  =  iai+i„t  each  plotted  against  applied 
voltage  Vj  are  shown. 

A  series  of  diodes,  half  biased  in  the  positive  direction  and  half  in 
the  negative  direction,  yields  a  plot  such  as  that  shown  in  Fig.  7.7. 


It  will  be  seen  that  providing  a  reasonable  number  of  diodes  are  used, 
the  straight  line  segments  approximate  to  a  parabola.  The  approxi¬ 
mation  becomes  more  close  as  the  number  of  segments  is  increased. 

Figure  7.7  indicates  that  to  perform  the  operation  of  squaring,  a 
set  of  biased  diodes  may  be  used.  The  input  voltage  vt  is  applied  to  all 
the  diodes  simultaneously.  The  sum  of  the  currents  from  the  diodes 
obeys  the  relation 

2  ian  -  k\  7.4 

where  kx  is  a  constant.  The  currents  may  be  summed  conveniently  by 
connecting  the  cathodes  of  the  diodes  via  resistors  to  the  virtual 


134 


ELECTRONIC  ANALOGUE  COMPUTERS 


earth  point  of  an  operational  amplifier  arranged  for  summing  as 
shown  in  Fig.  7.8  whence 


/ 


uO  _  y  . 

~R~  2jlan 


7.5 


Fig.  7.7.  Characteristics  for  a  set  of  diodes  used  for  squaring 

where  i  is  the  current  flowing  through  the  amplifier  feedback  resistor 
R,  and  v0  is  the  output  voltage.  Hence 

vo  -  -k2vj 

where  k 2  is  a  second  constant. 
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Typical  accuracies  claimed  by  manufacturers  are  of  the  order  of 
0-5  per  cent  of  full  scale  with  a  useful  operating  frequency  extending 
to  100  c/s.  Batteries  are  not  employed  to  provide  bias  voltages  in 
practice.  Resistor  networks  are  frequently  used  however.  Crystal 
diodes  too  are  also  often  used  in  place  of  thermionic  diodes  in  order 
to  utilize  their  obvious  advantages  of  small  size,  robust  construction, 
and  low  power  consumption. 

7.2.3.  Hall-effect  multiplier 

Consider  the  diagram  of  Fig.  7.8.  This  shows  a  block  of  semiconductor 
material,  typically  indium  arsenide.  If  a  current  flows  between  one 
pair  of  faces,  and  a  magnetic  field  exists  across  a  second  pair  of  faces, 
then  an  e.m.f.  appears  across  the  faces  mutually  perpendicular  to  the 
first  two  sets.  This  phenomenon  is  the  Hall  effect  (Ref.  7.4).  The  Hall 
effect  has  been  known  for  some  considerable  time  (1879)  but  was 
utilized  for  multiplication  in  analogue  computing  only  comparatively 
recently  (Ref.  7.5). 

The  relation  between  Hall  voltage,  plate  current  and  magnetic 
flux  density  is  given  by 

Vh=R-BIx  10-4mV  7.7 

t 

where 

VH  =  Hall  voltage  in  mV 
R  —  Hall  coefficient  in  cm3/coulomb 
I  =  plate  current  in  mA 
B  =  magnetic  flux  density  in  weber/metre2 
t  =  plate  thickness  in  cm 

If  the  magnetic  flux  is  derived  from  a  coil  carrying  a  current,  the 
Hall  voltage  will  be  proportional  to  the  product  of  the  plate  current 
and  the  coil  current.  Thus  when  input  signal  currents  x  and  y  are 
applied  to  the  plate  and  coil  respectively,  the  output  Hall  voltage  is 
proportional  to  the  product  xy.  Since  in  practice  signal  quantities 
in  analogue  computers  are  voltages,  Hall  effect  multipliers  usually 
incorporate  suitable  preamplifiers  having  a  high  input  impedance, 
and  capable  of  delivering  currents  to  the  plate  and  coil  from  high 
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impedance,  non-rcaclivc,  sources.  The  high  input  impedance  of  such 
amplifiers  ensures  that  the  multiplier  docs  not  load  appreciably  the 
preceding  equipment.  The  high  output  impedance  ensures  that  the 


input  currents  are  proportional  to  the  voltages  to  be  multiplied  even 
though  the  input  impedances  presented  by  the  Hall  plate,  and  in 
particular  the  coil,  may  vary. 

The  frequency  response  of  the  Hall  effect  itself  is  very  high.  The 
frequency  response  of  the  multiplier  is  limited  by  the  response  of  the 
associated  circuits. 
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As  seen  from  eqn.  7.7,  the  Hall  voltage  is  proportional  to  magnetic 
flux  density  and  plate  current.  Any  non-linearity  in  the  relation 
between  coil  current  and  magnetic  flux  density  therefore  results  in  a 
departure  from  linearity  in  the  multiplier  itself.  This  non-linearity 
may  be  considered  in  terms  of  the  hysteresis  loop  of  the  magnetic 
circuit.  The  narrower  the  loop,  the  better  the  linearity.  Experiments 
by  Chasmar  show  that  the  greater  the  gap  in  the  magnetic  circuit  in 
which  the  Hall  plate  is  situated,  the  more  near  linear  is  the  relation 
between  coil  current  and  flux  density. 

In  practice,  the  above  and  other  practical  problems  have  been 
overcome  to  the  extent  that  for  a  typical  multiplier  available  com¬ 
mercially  the  frequency  response  extends  from  d.c.  to  100  c/s  with 
an  overall  accuracy  and  linearity  of  better  than  ±  0-5  per  cent  of  full 
scale.  Either  transistor  or  valve  circuits  are  used  for  the  input  ampli¬ 
fiers.  An  output  amplifier  may  also  be  used  to  obtain  a  voltage  output 
of  convenient  amplitude. 

7.2.4  Other  multipliers 

The  multipliers  described  in  the  above  sections  do  not  constitute  the 
whole  range  of  available  types.  While  they  represent  popular  tech¬ 
niques  others  have  been,  and  are,  used  with  success.  Two  of  these  are 
briefly  discussed  below. 

(i)  The  crossed-fields  multiplier  (Ref.  7.6).  This  utilizes  a  special 
cathode-ray  tube  fitted  with  electrostatic  deflection  plates  and  an 
axial  coil.  Photocells  are  mounted  in  front  of  the  screen  of  the  cathode- 
ray  tube  on  either  side  of  a  blank  portion  of  the  screen.  Signals  from 
the  photocells  are  taken  to  a  difference  amplifier  the  output  voltage 
of  which  is  applied  to  one  pair  of  deflector  plates.  The  feedback  signal 
is  in  such  a  sense  that  the  horizontal  deflection  of  the  electron  beam 
is  small  and  confined  to  the  area  behind  the  mask.  Under  these  circum¬ 
stances  it  may  be  shown  that  the  voltage  applied  to  these  plates  is 
proportional  to  the  product  of  the  voltage  applied  to  the  other  pair 
and  the  currents  through  the  axial  coil.  A  frequency  response  extend¬ 
ing  well  beyond  1  kc/s  is  claimed  for  the  device. 

(ii)  Variable  mark/space  multiplier.  With  this  technique  a  rectangular 
wave  is  modulated  such  that  the  mark/space  ratio  is  proportional  to 
one  input  voltage,  and  the  amplitude  of  the  wave  is  proportional  to  the 

10 
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other  input  voltage.  It  may  be  shown  that  the  mean  value  of  the 
resulting  waveform  is  proportional  to  the  product  of  the  two  input 
voltages.  Details  of  the  development  of  this  technique  with  diagrams 
of  the  appropriate  circuits  may  be  found  in  Ref.  7.1 0. 

7.3  Function  generators 

In  many  applications  of  analogue  computers  it  is  necessary  to  generate 
a  voltage  which  varies  with  respect  to  an  input  voltage  in  such  a 
manner  that  the  normal  operational  amplifier  techniques  cannot  be 
employed  to  provide  the  function.  Such  functions  include  sines  and 
cosines,  parabolas,  and  others  which  may  conveniently  be  expressed 
as 

v0  =  f(vd  7.8 

where  /is  some  function  of  v;. 

Often  such  a  relation  may  have  been  determined  from  some 
experiment.  For  example  the  results  of  wind-tunnel  tests  on  an 
aircraft  model  might  require  incorporation  in  an  analogue  computer 
study.  Alternatively  it  might  be  necessary  to  provide  a  function  which 
represents  non-linear  behaviour  of  some  mechanical  device.  The 
generation  of  such  functions,  other  than  sines  and  cosines  which  will 
be  considered  separately,  is  discussed  below. 

Biased  diodes  were  used  in  the  quarter  square  multiplier  discussed 
in  Section  7.2.2  to  provide  the  squaring  action  necessary  for  the 
operation  of  the  multiplier.  The  use  of  diodes  in  this  manner  is  not 
restricted  to  the  generation  of  a  parabolic  characteristic.  Provided  a 
reasonable  number  of  diodes  are  employed,  a  wide  variety  of  single¬ 
valued  functions  may  be  produced  by  this  technique.  Commercial 
function  generators  using  this  principle  are  widely  used.  A  typical 
equipment  incorporates  twenty  diodes,  and  makes  provision  for 
manual  adjustment  of  the  resistors  used  to  provide  the  appropriate 
bias  arrangements.  In  most  cases  both  positive  and  negative  input 
voltages  are  acceptable.  Such  a  function  generator  will  have  a  fre¬ 
quency  response  similar  to  that  of  a  quarter  square  multiplier.  The 
accuracy  with  which  the  function  is  generated  depends  on  the  func¬ 
tion  itself,  and  on  the  number  of  diodes  available.  Figure  7.9  illus¬ 
trates  a  single-valued  function  represented  by  twenty  straight-line 
segments  provided  by  a  diode  function  generator. 
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While  biased  diode  funetion  generators  arc  used  very  widely,  there 
are  other  types.  Some  arc  of  historical  interest  only,  others  are  still 
used. 

A  potentiometer  with  a  number  of  tapping  points  may  form  a 
function  generator.  A  schematic  diagram  of  a  section  of  such  a 
device  is  shown  in  Fig.  7.10.  The  voltage  between  any  pair  of  tapping 
points  has  a  linear  relation,  the  slope  of  which  is  determined  by  adjust¬ 
ment  of  the  potential  between  the  points.  The  output  voltage  is  taken 
at  a  slider  which  is  made  to  rotate  at  a  steady  rate.  A  rate  servo- 


Fig.  7.9.  Use  of  biased  diodes  to  generate  v0  =  f(v{) 

mechanism  may  be  used  to  ensure  that  the  performance  is  adequate. 
Such  a  function  generator  may  give  good  results,  but  it  suffers  from 
the  limitation  of  electromechanical  devices.  The  subject  is  discussed 
further  in  Ref.  7.8. 

The  cathode-ray  tube  function  generator  is  now  of  historical 
interest  only.  It  does  not  appear  to  have  been  used  in  Britain  for 
several  years.  The  technique  was  invented  independently  by  Mynall 
(Ref.  7.9)  and  McKay  (Ref.  7.10)  in  1946.  An  opaque  mask  was  cut 
to  the  shape  of  the  function  required  and  attached  to  the  front  of  the 
cathode-ray  tube.  A  photocell  was  mounted  in  front  of  the  mask. 
X  deflection  was  provided  by  a  conventional  linear  timebasc.  Signals 
from  the  photocell,  after  suitable  amplification,  were  applied  to  the 
10* 


140 


ELECTRONIC  ANALOGUE  COMPUTERS 


Fplates  of  the  tube.  These  feedback  signals  were  applied  in  such  a  way 
that  the  fluorescent  spot  on  the  screen  was  constrained  to  ride  the 


Fig.  7.10.  Tapped  potentiometer  used  as  function  generator 


edge  of  the  mask  as  it  moved  in  the  horizontal  direction  at  a  steady 
rate.  The  voltage  at  the  Y  plates  was  thus  proportional  to  the  shape 
of  the  function  and  was  taken  as  the  output.  Although  the  frequency 


COMPUTER  AUXILIARY  EQUIPMENT 


141 


response  was  adequate  for  many  purposes,  difficulty  was  experienced 
in  generating  functions  with  steep  slopes  and  sudden  changes  of 
direction. 

In  various  other  function  generators  the  function  is  first  drawn  out 
on  a  cylinder  or  flat  sheet,  often  in  conducting  ink.  When  it  is  neces¬ 
sary  to  generate  the  function,  the  graph  is  traced  out  by  some  form 
of  sensing  device.  The  output  at  every  instant  is  taken  as  a  voltage 
proportional  to  the  displacement  of  the  sensing  head  from  some 
datum.  A  wide  variety  of  function  generators  of  this  and  other  types 
is  described  in  Ref.  7.1 1. 


7.4  Generation  of  sines  and  cosines 

Sines  and  cosines  may  be  generated  comparatively  readily  through 
the  use  of  special  potentiometers.  These  are  of  two  main  types. 

In  one,  fine  resistance  wire  is  wound  on  a  flat  card  in  a  uniform 
manner.  Equal  positive  and  negative  voltages  are  applied  to  the  ends 
of  the  wire.  The  output  is  taken  at  a  slider  which  may  be  rotated 
about  point  O  at  the  centre  of  the  card  as  shown  in  Fig.  7.11.  The 
voltage  at  points  along  the  axis  Ox  varies  in  a  linear  fashion.  The 
potential  at  the  slider  when  it  is  arranged  at  an  angle  6  to  the  reference 
axis  is  given  by  the  approximate  relation, 

vQ  ~  krVcosd  7.9 

where  A:  is  a  constant  and  r  is  the  length  of  the  slider  arm.  The  depart¬ 
ure  from  the  precise  relation  is  due  to  the  volt  drop  in  the  length  of 
wire  between  the  slider  and  the  axis  Ox.  With  fine  wire  such  a  volt 
drop  is  small. 

The  addition  of  a  second  slider  having  an  arm  equal  in  length  to 
the  first  permits  the  generation  of  the  function, 

v'0  ~  krVsind  7.10 

Inspection  of  Fig.  7.11  indicates  that  the  sine/cosine  potentiometer 
gives  an  output  of  the  appropriate  sign  in  each  of  the  four  quadrants. 

In  the  other  principal  type  of  sine/cosine  generator,  the  potentio¬ 
meter  is  wound  on  a  card  shaped  as  shown  in  Fig.  7.12.  The  lower  edge 
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takes  the  form  of  a  sinewave.  Voltages  proportional  to  sines  and 
cosines  may  then  be  picked  off  at  the  two  sliders  arranged  at  right 


-V  +V 


cosine  output  | 
> 

sine  output 

Fig.  7.11.  Flat  card  sine/cosine  potentiometer 


Fig.  7.12.  Shaped  card  sine/cosine  potentiometer 

angles  which  make  contact  with  the  upper  edge  of  the  potentiometer 
winding. 

In  each  case  continuous  rotation  is  possible.  However,  both  suffer 
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from  the  limitations  of  electromechanical  devices.  For  example  when 
it  is  necessary  to  use  a  sine/cosine  potentiometer  in  conjunction  with 
a  position  servomechanism,  the  frequency  response  is  severely  limited. 

7.5  Converter  devices 

With  the  rapid  growth  in  the  application  of  digital  computing  tech¬ 
niques  it  has  become  increasingly  important  to  be  able  to  convert 
analogue  information  to  the  corresponding  digital  form  and  vice 
versa. 

For  example  one  of  the  more  recent  applications  where  this  is 
necessary  is  in  the  combined  analogue-digital  simulator  (Ref.  7.12). 
Here  the  analogue  section  of  the  equipment  acts  as  a  model  of  some 
physical  system,  a  chemical  plant  perhaps.  Appropriate  analogue-to- 
digital  converters  provide  the  digital  equivalent  of  the  various 
voltages  in  the  analogue  machine  which  are  proportional  to  the  para¬ 
meters  indicating  the  performance  of  the  plant.  These  would  include 
the  analogue  representations  of  flow  quantities,  pressures  and  tem¬ 
peratures  at  various  points  in  the  system. 

This  digital  information  is  supplied  to  a  digital  computer  sufficiently 
fast  in  operation  to  provide  a  very  rapid  assessment  of  performance. 
Such  a  machine  may  well  be  the  prototype  of  the  digital  computer 
which  will  be  used  later  to  control  the  real  plant.  The  digital  machine 
has  as  its  output  control  signals  which  modify  the  performance  of  the 
model  of  the  plant  in  the  light  of  this  assessment  to  permit  optimum 
operation.  These  control  signals  require  conversion  to  the  corre¬ 
sponding  analogue  quantities  in  the  analogue  computer.  For  this 
purpose  digital-to-analogue  converters  are  required. 

Most  digital  computers  work  in  the  binary  rather  than  the  decimal 
system.  Systems  of  numbers  can  be  expressed  in  the  form  of  a  series 
thus, 

anbn  +  an _  i  bn~ 1  +  2  +  •  •  •  a\ ^  +  ao^o  7.11 

This  series  applies  to  both  the  decimal  and  the  binary  systems.  In 
the  decimal  system  6  =  10  and  a  has  values  between  0  and  9  inclusive. 
Hence  the  decimal  system  of  numbers  can  be  built  up  as  shown  in  the 
table  of  Fig.  7.13(a).  In  the  binary  system  6=2  and  a  =  1  or  0.  The 
manner  in  which  the  binary  system  is  built  up  is  shown  in  Fig.  7.13(b). 
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Fig.  7.13(a).  Decimal  system  of  numbers 


Thousands 

103 

Hundreds 

102 

Tens 

101 

Units 

10° 

0xl03=  0 

Ox  102  =  0 

OxlO1  =  0 

0x10°  =  0 

1  x  103  =  1000 

1  x  102  =  100 

1  x  101  =  10 

1  x  10°  =  1 

2xl03  =  2000 

2xl02  =  200 

2x  101  =  20 

2x10°  =  2 

3  x  103  =  3000 

3  x  102  =  300 

3  x  101  =  30 

3  x  10°  =  3 

etc. 

Fig.  7.13(b).  Binary  system  of  numbers 


Thousands 

Hundreds 

Tens 

Units 

23 

22 

21 

2° 

Ox  23  =  0 

0  x  22  =  0 

Ox  21  =  0 

0  x  2°  =  0 

1  x  23  =  8 

1  x  22  =  4 

1  x  21  =  2 

1  x  2°  =  1 

The  two  systems  are  compared  in  the  table  of  Fig.  7.14.  The  above 
tables  indicate  that  the  decimal  scale  is  a  scale  of  ten,  while  the  binary 
system  is  a  scale  of  two. 

The  binary  system  is  of  particular  value  for  the  operation  of  digital 
computers  since  the  valves  or  transistors  used  to  represent  the  integers 
are  essentially  two  state  devices  being  either ‘on’  or  ‘off’,  correspond¬ 
ing  to  conduction  and  absence  of  conduction  respectively.  Hence  ‘  off’ 
can  conveniently  represent  a  ‘zero’,  while  ‘on’  can  be  used  to 
represent  a  ‘one’. 

In  some  cases,  as  will  be  seen  below,  the  output  of  an  analogue-to- 
digital  converter  may  be  simply  a  set  of  pulses,  the  total  number  of 
which  is  proportional  to  the  analogue  quantity.  In  such  cases  the 
first  operation  performed  in  the  digital  machine  will  be  the  conversion 
from  digital  data  in  serial  form  to  the  corresponding  binary  form. 

With  certain  other  analogue-to-digital  converters  the  possibility 
of  ambiguous  output  arises,  particularly  with  the  reading  types 
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Fio.  7.14.  Comparison  of  decimal  binary,  and  cyclic  binary  systems 


Decimal 

Binary  Code 

Cyclic  Binary 
Code 

0 

0 

0 

1 

1 

1 

2 

10 

11 

3 

11 

10 

4 

100 

110 

5 

101 

111 

6 

110 

101 

7 

111 

100 

8 

1000 

1100 

9 

1001 

1101 

10 

1010 

mi 

11 

1011 

1110 

12 

1100 

1010 

13 

1101 

ion 

14 

1110 

1001 

15 

mi 

1000 

16 

10000 

11000 

17 

10001 

11001 

18 

10010 

non 

19 

10011 

11010 

20 

10100 

lino 

21 

10101 

inn 

22 

10110 

11101 

23 

10111 

11100 

24 

11000 

10100 

25 

11001 

10101 

26 

11010 

10111 

27 

11011 

10110 

28 

11100 

10010 

29 

11101 

10011 

30 

11110 

10001 

31 

mil 

10000 

32 

100000 

110000 
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discussed  in  Section  3  below.  In  such  cases  the  conversion  of  analogue 
signals  to  the  corresponding  digital  quantity  expressed  in  cyclic- 
permuted,  or  Gray  code,  (Refs.  7.13  and  7.14)  reduces  the  possibility 
of  ambiguity  very  considerably.  The  Gray  code  is  given  in  the  table 
of  Fig.  7.14.  It  will  be  noticed  that,  unlike  the  ordinary  binary  code, 
only  one  digit  changes  in  going  from  one  value  to  the  next.  The  signi¬ 
ficance  of  this  property  of  the  code  will  become  apparent  later.  If 
cyclic-permuted  binary  code  is  used  in  this  manner  the  first  operation 
in  the  digital  computer  will  be  the  conversion  to  ordinary  binary  code. 

Analogue-to-digital  converter  devices  take  many  forms.  Neverthe¬ 
less  they  may  be  divided  for  convenience  into  several  main  types. 
These  are  described  in  survey  articles  by  Burke  (Ref.  7.15)  and 
Lippel  (Ref.  7.16).  A  further  article  by  Lippel  (Ref.  7.17)  is  useful  in 
that  it  discusses  the  use  of  digital  techniques  in  measuring  systems, 
and  takes  an  automatic  machine  tool  as  an  example.  Accuracy  and 
‘granularity’  in  mixed  analogue  and  digital  systems  are  considered 
and  various  other  converter  devices  discussed.  Some  of  the  main  types 
of  analogue-to-digital  converters  are  given  below.  Their  variety  is 
greater  than  that  of  the  digital-to-analogue  converters  considered  in  a 
later  section. 

7.5.1  Analogue-to-digital  converters 

Type  1.  Direct  counting  converters.  Under  this  heading  are  considered 
devices  in  which  the  output  comprises  a  train  of  unit  pulses,  the  total 
number  of  which  is  proportional  to  the  analogue  quantity.  An 
example  of  this  type  of  converter  might  be  a  time  interval  encoder  in 
which  an  oscillator  output  is  gated  to  yield  a  train  of  pulses  such  that 
the  number  is  proportional  to  the  time  interval.  The  number  of  pulses 
could  then  be  counted  using  an  electronic  counter,  so  arranged  that 
the  output  of  the  counter  appears  in  appropriate  form.  The  logical 
circuits  which  perform  this  operation  are  well  established  and  are 
discussed  in  any  standard  text  on  digital  computing. 

Type  2.  Weighing  converters.  In  devices  of  this  type  a  set  of  standard 
reference  voltages  are  available  against  which  the  analogue  quantity 
is  compared  or  weighed.  In  some  cases  the  converter  is  effectively 
a  bridge  in  which  the  arms  are  automatically  balanced  until  a  null  is 
reached.  One  type  of  digital  voltmeter  takes  this  form. 
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The  digital  voltmeter  is  a  voltmeter  with  a  high  input  impedance 
typically  10-100  Mfi.  It  forms  a  convenient,  though  expensive,  output 
device  for  an  analogue  computer  in  that  it  presents  the  magnitude 
of  an  analogue  voltage  as  a  digital  quantity  with  considerable  preci¬ 
sion.  Typical  resolution  is  ±0-01  volt  over  the  range  ±100  volts. 
Readings  are  displayed  in  the  form  of  illuminated  decimal  digits 
complete  with  polarity  sign  and  decimal  point.  Depending  on  type 
a  measurement  is  completed  and  reading  displayed  at  intervals  of  the 
order  of  one  second.  In  more  elaborate  versions  of  the  instrument, 
facilities  are  available  for  automatic  recording  of  readings.  Since 
the  voltmeter  is  essentially  a  high-precision  analogue-to-digital 
converter  it  may  be  used  as  the  link  between  an  analogue  and  a  digital 
machine. 

Type  3.  Reading  type  converters.  With  devices  in  this  category  the 
magnitude  of  the  analogue  quantity  is  measured  using  optical, 
electromechanical,  electronic  or  other  means.  The  development  of 
optical  reading  devices  illustrates  some  of  the  general  techniques 
employed  to  overcome  the  problems  of  this  type  of  converter.  For 
this  reason  optical  devices  are  discussed  in  some  detail. 

Such  devices  include  those  which  indicate  angular  position  or  linear 
displacement  in  binary  fashion.  They  find  applications  in  such  fields 
as  the  automatic  control  of  machine  tools  in  addition  to  their  use  in 
analogue  computing. 

A  schematic  diagram  of  an  angular  position  converter  is  shown  in 
Fig.  7.15.  A  disc  is  mounted  on  the  shaft  for  which  the  angular 
position  is  required.  The  disc  is  opaque  except  for  certain  segments 
of  a  set  of  concentric  tracks  on  its  face.  These  segments  are  trans¬ 
parent.  A  light  source,  arranged  radially,  illuminates  each  of  the 
concentric  tracks  while  a  set  of  photocells  is  placed,  facing  the  light 
source,  on  the  opposite  side  of  the  disc.  One  photocell  is  opposite 
each  track.  The  pattern  of  transparent  segments  on  the  disc  is  such 
that  a  unique  pulse  pattern  in  binary  code  appears  from  the  photocells 
for  each  position  of  the  disc.  Since  all  the  pulses  appear  simultaneously 
the  output  is  known  as  a  parallel  output. 

Angular  position  converters  working  on  the  above  and  similar 
principles  have  been  used  quite  widely.  A  variety  are  available  com¬ 
mercially.  A  detailed  account  of  the  problems  associated  with  a 
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rather  more  elaborate  converter  is  given  in  Ref.  7.18.  Here  a  single 
spot  of  light  from  a  flying-spot  scanner  is  used  to  scan  a  disc  radially. 
A  lens  system  focuses  the  pulses  of  light  transmitted  through  the 
transparent  sections  of  the  disc  and  presents  them  to  a  single  photo¬ 
cell.  The  train  of  output  pulses  represents  the  shaft  setting  in  binary 


section  of 
binary  disc 


Fig.  7.15.  Angular  position  analogue-to-digital  converter 


code.  Since  the  pulses  appear  sequentially  they  represent  a  serial 
output. 

Similar  techniques  may  be  employed  to  indicate  linear  displace¬ 
ment.  In  this  case  the  pattern  of  transparent  strips  is  arranged  in  linear 
fashion. 

Either  ordinary,  or  cyclic-permuted,  binary  code  may  be  used  for 
the  patterns  employed  in  the  converters  mentioned  above.  Figure  7.16 
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compares  the  patterns  for  the  two  cases.  The  advantage  of  the  cyclic- 
permuted  code  over  the  straight  binery  code  is  illustrated  for  the 
decimal  number  16.  The  effect  of  slight  misalignment  of,  for  example, 


Binary  Code  Cyclic  Binary  Code 


the  reading  heads  is  shown  for  both  codes.  For  misalignment  within 
the  range  indicated  the  binary  output  might  take  the  values, 

1  0  0  0  0  =  16 
1  0  0  0  1  =  17 
1001  1  =  19 
10  11  1  -  23 
1  1  1  1  1  =  31 
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For  the  same  range  of  misalignment  when  the  cyclic  code  is  employed 
the  output  is  restricted  to  the  values 

1  1  0  0  0  =  16 
1  1  0  0  1  =  17 

Thus  it  is  seen  that  the  ambiguity  is  reduced  to  the  least  significant 
of  the  binary  digits. 

7.5.2  Digital-to-analogue  converters 

The  elements  of  a  simple  digital-to-analogue  converter  are  shown  in 
the  diagram  of  Fig.  7.17.  A  computing  amplifier  is  used  to  sum  the 
signals  appearing  at  a  set  of  input  resistors.  The  input  signals  are  the 
voltage  pulses  of  a  parallel  output  in  binary  code  from  a  digital 
computer.  Since  each  pulse  in  the  set  is  of  equal  height,  the  ratios  of 
the  input  resistors  to  the  feedback  resistor  are  arranged  in  such  a 
manner  that  the  input  signals  are  multiplied  by  constants  of  1,  2,  4,  8 
and  16  corresponding  to  their  position  in  the  binary  scale.  For 
example  at  time  tu  the  binary  input  is 

10  10  1 

The  corresponding  analogue  output  is 

1x16+0x8+1x4+0x2+1x1 = 21 
A  little  later  at  time  t2,  the  binary  input  is 

10  111 

and  the  analogue  output 

1x16  +  0x8+1x4+1x2+1x1  =  23 

If  the  binary  input  signals  are  presented  to  the  converter  sufficiently 
rapidly  the  analogue  output  approximates  to  a  smooth  curve.  The 
accuracy  of  the  conversion  depends  in  large  measure  on  the  precision 
with  which  the  input  pulses  are  generated. 

Reference  7.19  is  useful  in  that  it  gives  details  of  other  types  of 
digital-to-analogue  converters  and  also  analogue-to-digital  equip¬ 
ment.  There  is  also  a  useful  section  on  pen  recorders  and  plotting 
tables. 
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